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STRUCTURE OF J-HOLOMORPHIC DISKS WITH IMMERSED
LAGRANGIAN BOUNDARY CONDITIONS
ALEXANDRE PERRIER
Abstract. We explain how to generalize Lazzarini’s structural Theorem from
[Laz11] to the case of curves with boundary on a given Lagrangian immersion. As
a consequence of this result, we show that we can compute Floer homology with
time-independent almost complex structures. We also give some applications as
well as topics for future work.
1. Introduction
1.1. Setting. Let (M,ω) be a symplectic manifold and J ∈ J (M,ω) be a compatible
almost complex structure. It is well known that any J-holomorphic curve u : Σ →
M with Σ a closed Riemann surface factors through a simple curve (see [MS12,
Proposition 2.5.1]).
Let L ⊂M be an embedded Lagrangian submanifold and
u : (D, ∂D)→ (M,L)
be a J-holomorphic disk satisfying u(∂D) ⊂ L. In general, it is not true that such a
map factors through a branched cover to a simple curve. However there are results
of Kwon-Oh ([Oh97],[KO00]) and Lazzarini ([Laz00], [Laz11]) about the structure of
such disks.
Moduli spaces of disks with Lagrangian boundaries appear in the definitions of
several differential complexes associated to Lagrangian embeddings such as the pearl
complex (due to Biran-Cornea [BC07], [BC09]) or Lagrangian intersection Floer ho-
mology in the monotone case (due to Oh, [Oh93a], [Oh93b]). The results of Lazzarini
and Kwon-Oh are essential to study the generic regularity of such moduli spaces.
1.2. Main theorem. In this paper, we shall explain how to adapt Lazzarini’s result
([Laz11]) to disks with corners whose boundaries lie in the image of a Lagrangian
immersion. In this section, we provide the basic definitions of the objects we will
consider.
From now on, we fix a connected symplectic manifold (M2n, ω) and a Lagrangian
immersion i : Ln # M , with L a closed (not necessarily connected) manifold such
that
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(1) i does not have triple points,
(2) the double points of i are transverse.
If this is satisfied, we say that i is generic.
Let us denote by R = {(p, q) ∈ L× L|i(p) = i(q)} the set of ordered double points
of i and by i(R) their images. The hypotheses on i imply that this is a finite subset.
Moreover, we fix a (smooth) compatible almost complex structure J ∈ J (M,ω).
We now explain what we mean by an almost complex curve with corners and bound-
ary on L.
Definition 1. Let S be a compact Riemann surface with boundary ∂S.
A J-holomorphic curve with corners and boundary on L is a continuous map
u : (S, ∂S)→ (M, i(L))
which satisfies the following assumptions.
(i) There are x1, . . . , xN ∈ ∂S with
∀1 6 k 6 N, u(xk) ∈ i(R).
(ii) There is a continuous map γ : ∂S\{x1, . . . , xN} → L such that
u|∂S\{x1,...,xN} = i ◦ γ.
(iii) The map γ does not extend to a continuous map ∂S → L.
(iv) The map u is a smooth J-holomorphic curve on S\{x1, . . . , xN}.
Remark 1. (1) Keeping the notations of Definition 1, we call x1, . . . , xN the
corner points of the curve.
(2) We also consider maps u : S → M which satisfy the hypotheses (i), (ii), (iii)
without (iv). We call such a map a topological curve with corners.
For a J-holomorphic curve u : (S, ∂S)→ (M, i(L)) with corners and boundary on
L, a point z ∈ Int(S) is an injective point if it satisfies
duz 6= 0, u−1(u(z)) = {z}.
We say that such a curve is simple if the set of its injective points is dense.
We can now state the main theorem of this paper.
Theorem 1. Let u : (D, ∂D)→ (M, i(L)) be a non-constant J-holomorphic disk with
corners, boundary on L and finite energy (meaning
∫
u∗ω < +∞ ).
There are simple finite-energy J-holomorphic disks v1, . . . , vN with corners, bound-
ary on L and natural integers m1, . . . ,mN ∈ N such that
(i) Im(u) = ∪k=1...N Im(vk)
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(ii) In H2 (M, i(L)) we have
[u] =
N∑
k=1
mk[vk].
The proof of this is an adaptation of Lazzarini’s proof to the case of immersed
Lagrangians.
1.3. Applications. Assume that the complex dimension n is greater than 3. For a
generic almost complex structure J , any finite-energy J-holmorphic disk with cor-
ners and boundary on L is either simple or multiply covered. This follows from an
adaptation of the proof of [Laz11, Proposition 5.15].
Corollary 1. Suppose n > 3. There is a second category subset Jreg(M,ω,L) ⊂
J (M,ω) satisfying the following property.
Let J ∈ Jreg(M,ω) and u : (D, ∂D) → (M, i(L)) be a non-constant finite-energy
J-holomorphic disk with corners and boundary on L. Then there exist
(i) a holomorphic map p : (D, ∂D) → (D, ∂D) with branch points in Int(D) (no-
tice in particular that p restricts to a cover ∂D→ ∂D).
(ii) a simple J-holomorphic disk with corners and boundary on L,
u′ : (D, ∂D)→ (M, i(L))
such that
u = u′ ◦ p.
Recall that there are two morphisms ω : pi2(M,L) → R and µ : pi2(M,L) → Z
induced respectively by the symplectic area and the Maslov class. A Lagrangian
submanifold L ⊂M is monotone if there is a λ > 0 such that
ω = λµ.
Denote by NL the minimal Maslov number of a Lagrangian submanifold L. Consider
two transverse Lagrangian submanifolds L1 and L2 satisfying NL1 > 3 and NL2 > 3.
As a direct application of Corollary 1, we will see that for a generic time-independent
J ∈ J (M,ω), there is a well-defined Floer complex between these two objects. This
differs from the usual situation where one usually considers time-dependent almost
complex structures to achieve transversality (see [Oh93a], [FHS95]).
1.4. Outline of the proof of the Main Theorem. We prove the Main Theorem
1 in several steps which follow Lazzarini’s approach. We will emphasize along the
argument the differences with [Laz11].
First, we define a set W(u) ⊂ D called the frame of the disk which contains ∂D.
This is roughly the set of points where u "overlaps" with its boundary. We then prove
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that this is actually a C1-embedded graph. We do this by providing an asymptotic
development of the J-holomorphic curve around its corners.
The simple or multiply covered pieces are found by cutting the curve along the
graph W(u). More precisely, we pick for each connected component Ω of D\W(u)
a holomorphic embedding hΩ : (D, ∂D) → (Ω,W(u)). The curve u ◦ hΩ satisfies
W(u◦hΩ) = ∂D and is therefore either simple or multiply covered. The pieces of the
decomposition are the simple curves underlying u◦hΩ for Ω a connected component.
Notice that a connected component Ω of D\W(u) is not necessarily simply con-
nected, so we cannot immediately conclude that u◦hΩ factors through a simple disk.
It turns out that if such a component exists, there is a simple holomorphic sphere
v : CP 1 → M such that u(D) = v(CP 1). From this, we conclude that each piece is
a disk. Here the details do not differ much from Lazzarini’s paper ([Laz11]).
1.5. Outline of the paper. The first section of the paper explains how to adapt
Lazzarini’s proof ([Laz00], [Laz11]) to finite-energy curves with boundary on a given
Lagrangian immersion i : L # M . The frame along which the curve is cut into
multiply covered pieces is a graph. This is the main technical part of the argument.
Second, we explain how to get the decomposition from this.
The second section of the paper gives the proof of Corollary 1. In a second sub-
section, we will explain why this implies that the Floer complex is well-defined for a
generic time-independent almost complex structure.
Lastly, we give some expected applications of the main theorem to a count of
holomorphic curves with boundary on the surgery of two Lagrangian embeddings.
This fits in a more general program of Biran-Cornea and is the subject of work in
progress.
1.6. Acknowledgements: This work is part of the author’s doctoral thesis at the
University of Montreal under the direction of Octav Cornea. I thank him for his
thoughtful advice. I also thank Egor Shelukhin for helpful dicussions, as well as
Emily Campling and Dominique Rathel-Fournier for help with the exposition.
2. The Frame of a J-holomorphic curve
Fix u1 : (S1, ∂S1) → (M, i(L)) and u2 : (S2, ∂S2) → (M, i(L)) two finite-energy
J-holomorphic curves with corners and boundaries on L.
We define the set of "bad points" of u1 with respect to u2 :
C (u1, u2) := u−11 ({z ∈ Int(S1)|du1(z) = 0})∪u−11 ({z ∈ Int(S2)|du2(z) = 0})∪u−11 (i(R)).
The following definition is due to Lazzarini ([Laz11]).
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Definition 2. Suppose z1 ∈ Int(S1)\C(u1, u2) and z2 ∈ Int(S2)\C(u2, u1). We say
that z1Ru2u1z2 if and only if for any open neighborhoods V1 3 z1 (resp. V2 3 z2), there
are open neighborhoods Ω1 3 z1 (resp. Ω2 3 z2) in V1 (resp. V2) such that
u1(Ω1) = u2(Ω2).
Now if z1 ∈ S1 and z2 ∈ S2, we say that z1Ru2u1z2 if and only if there are sequences
(zν1 )ν>0 (resp. (zν2 )ν>0) such that zν1 → z1 (resp. zν2 → z2) and
∀ν > 0, zν1Ru2u1zν2 .
We now define the graph along which we will cut to get the simple pieces of the
curve.
Definition 3. The frame of u1 with respect to u2 is the set of points related to the
boundary of S2:
W(u1, u2) := Ru2u1 (∂S2) .
The completed frame of u1 with respect to u2 is the union of this with ∂S1:
W(u1, u2) := Ru2u1 (∂S2) ∪ ∂S1.
Remark 2. If u is a J-holomorphic curve then ∂S ⊂ W(u, u), so
W(u, u) =W(u, u).
From now on, we will abbreviate W(u) :=W(u, u).
In this section, we shall prove that the completed frameW(u1, u2) is a C1 embedded
graph in S1. This is however not the case forW(u1, u2). Along the way, we will prove
important properties of the relation Ru2u1 , always following Lazzarini’s proof.
2.0.1. Examples of frames and the decomposition. As explained in the introduction,
the simple pieces of the curve are found among the connected components of D\W(u).
The decomposition may introduce corner points which do not appear in the original
curve. This is shown in the example below.
Example 1. Consider the 2-dimensional torus T2 := R2/Z2 equipped with the stan-
dard area form dx ∧ dy and the standard complex structure.
We let i be the immersion of two copies of S1 drawn in figure 1. Moreover, we
let u be a J-holomorphic polygon with corners and boundary on L whose image is
represented in figure 1. The parameterization of u is chosen so that u(−1) = x1 and
u(1) = x4. These are the only corner points of u.
The reader may check that the frame of u is a graph with four vertices which map to
the double points of i. The restriction of u to each connected component of D\W(u)
is a simple J-holomorphic curve with corners. Notice that each piece now has corners
which map to x2 and x3. These corners did not appear in u.
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x1
x3
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• •
•
•
•
•
u
Figure 1. The immersion i (blue, on the right), the disk u
(shaded, on the right) and its frame W(u) on the left
Moreover, the frame need not be connected, as shown by the following example.
Example 2. Consider CP 1 = C∪{∞} equipped with its standard complex structure
and let L ⊂ C be the ellipse with semi-major axis 5
2
and semi-minor axis 3
2
. We
consider a map with domain the disk of radius 2
u :
D(0, 2) → C ∪ {∞}
z 7→ z + 1
z
.
We claim that the frame of u is given by ∂D(0, 2) ∪ ∂D (0, 1
2
)
. Notice first that
W(u) ⊂ u−1(L) = ∂D(0, 2) ∪ ∂D
(
0,
1
2
)
.
To prove the other inclusion, let z ∈ ∂D (0, 1
2
)
and (εν)ν∈N be a sequence of positive
real numbers converging to 0. Put zν = (1 + εν)z. Then the sequences (zν) and(
1
zν
)
satisfy zνRuu 1zν since u(zν) = u
(
1
zν
)
and u′(zν), u′
(
1
zν
)
are non-zero. Hence
zRuu 1z ∈ ∂D, so z ∈ W(u)
2.1. Local coordinates around double points of the immersion.
2.1.1. Some linear symplectic geometry. Let (V 2n, ω) be a symplectic vector space
of complex dimension n and J ∈ J (V, ω) be a compatible linear complex structure.
Moreover, let L1 and L2 be transverse Lagrangian subspaces.
Then there are reals 0 < α1 6 . . . 6 αn < pi and a linear symplectic map f :
(V, ω)→ (Cn, ωstd) such that
f(L1) = Rn, f(L2) = eiα1 · R× . . . eiαn · R, f ∗i = J.
The real numbers α1, . . . , αn ∈ (0, pi) do not depend on the choice of f and are called
the Kähler angles of the pair (L1, L2).
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Moreover, if α ∈ (0, pi), we define the vector subspace
Vα :=
{
v ∈ Rn|eiαv ∈ eiα1Rn × . . . eiαnRn} .
Notice that we have a direct sum decomposition
Rn =
⊕
α∈{α1,...,αn}
Vα.
We let piα : Rn → Vα be the linear projection on Vα with respect to this decomposi-
tion. We will abuse notation slightly and call its complexification piα : Cn → Cn as
well.
2.1.2. A bit of vocabulary. Let (p, q) ∈ R, since dip (resp. diq) is an immersion, there
is an open neighborhood Up 3 p (resp. Uq 3 q) such that i|Up (resp. i|Uq) is an
embedding. We call the submanifold i(Up) (resp. i(Uq)) the branch of i at p (resp.
at q) and denote it by Lp (resp. Lq).
In what follows, we will sometimes forget about Up and denote by Lp the image of
any neighborhood of p on which i is an embedding.
2.1.3. Some local charts. We can now state
Proposition 1. Let (p, q) ∈ R and denote x = i(p) = i(q).
Then there are open neighborhoods U of 0 in Cn, V of x in M , Up (resp. Uq) of
p (resp. q) in L together with a smooth chart φ : U → V satisfying the following
properties.
(i) Let gJ := ω(·, J ·) be the metric induced by the almost complex structure J ,
and gstd be the standard scalar product on Cn. We have
φ∗gJ(0) = gstd, φ∗J(0) = i.
(ii) The chart maps the branches of i at x to linear subspaces :
φ(U ∩ Rn) = i(Up), φ(U ∩ eiα1 · R× . . .× eiαn · R) = i(Uq).
Here α1 6 . . . 6 αn ∈ (0, pi) are the Kähler angles of the pair (TxLp, TxLq)
with respect to the complex structure J .
Proof. There is a smooth chart φ˜ : U ⊂ Cn → V ⊂M such that φ˜(Rn∩U) = Lp∩V
and φ˜(i · Rn ∩ U) = Lq ∩ V .
We now modify φ˜ so that it satisfies the assertions of the proposition. For this
pick an orthonormal basis (with respect to the metric gJ) B = (e1, . . . , en) of TxLp.
We assume that, with respect to the complex coordinates given by B, we have
TxLq = e
iα1 · R× . . .× eiαn · R.
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We put (f1, . . . , fn) := (dφ˜−1(e1), . . . , dφ˜−1(en)). Pick a real linear isomorphism
A : Cn → Cn such that the image of the canonical basis of R2n is the basis (f1, . . . , fn).
The sought-after local chart is φ˜ ◦ A (it is defined on a small enough ball). 
We will modify this chart to get a more precise behavior along Rn.
Proposition 2. There is a smooth local chart φ : U ⊂ Cn → V ⊂M such that
(i) we have φ∗J|Rn = i and (φ∗gJ)0 = gstd,
(ii) the preimages of the branches at x are linear subspaces
φ−1(Lp ∩ V ) = Rn ∩ U, φ−1(Lq ∩ V ) =
(
eiα1 · R× . . .× eiαn · R) ∩ U.
Proof. By the preceding Proposition 1, one can assume that the two branches of
the immersion are the given linear Lagrangian subspaces, that the almost complex
structure J satisfies J(0) = Rn and that the metric gJ satisfies gJ(0) = gstd.
Now choose ψ : W → U ⊂ Cn a local chart such that ψ∗J|Rn = i and dψ(0) = Id
(such a chart always exists, see the construction in [Laz11, lemma 3.7]).
Notice that ψ−1(Lq) is an embedded submanifold whose tangent space at 0 is
transverse to Rn (it is given by eiα1 · R × . . . × eiαn · R ). Therefore the implicit
function theorem implies that there is a smooth map f : W ∩ Rn → Rn such that
ψ−1(Lq) = {f(y) + iy|y ∈ Rn} .
Consider the map φ(x+ iy) = f(y)− df(0) · y + x+ iy. Its differential is given by
the matrix (
Id dfy − df0
0 Id
)
,
so dφ0 = Id and φ is a local diffeomorphism.
A small computation shows that df0 is given by a diagonal matrixcotα1 . . .
cotαn
 .
Hence for x = (x1, . . . , xn) ∈ Rn, we have φ(x) = (f(0)+0+x, 0) ∈ Rn. Moreover,
notice that
df0(x1 sinα1, . . . , xn sinαn) = (x1 cosα1, . . . , xn cosαn),
hence
φ
(
x1e
iα1 , . . . , xne
iαn
)
= f (x1 sinα1, . . . , xn sinαn) + i (x1 sinα1, . . . , xn sinαn) ,
so φ(Rn) = eiα1 · R × . . . × eiαn · R. Moreover, for x ∈ Rn, we have dφx = Id so
φ∗Jx = i and φ∗gJ(0) = gstd. 
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2.1.4. Behavior of a J-holomorphic curve around an interior point. The asymptotic
behavior of a J-holomorphic curve around an interior point can be described quite
precisely. For instance, the following is proved in Lazzarini’s paper [Laz11, Proposi-
tion 3.3].
Proposition 3. Assume that J : D → GL(2n,R) is a C1 map such that J2 =
− Id and J(0) = Jstd is the standard complex structure. Let u : S → Cn be a
J-holomorphic curve with u(0) = 0. Then there are
(1) an integer k > 1,
(2) a C1-local chart φ : Ω → D with Ω and open neighborhood of 0 in D and
φ(0) = 0,
(3) a positive real number λu > 0 and a matrix A ∈ U(n),
such that
u ◦ φ(z) = λuA
(
zk, U(z)
)
,
with U(z) = O
(
zk+1
)
.
2.1.5. Behavior of a J-holomorphic curve around a double point. In this subsection,
we describe, along the lines of [Laz11, section 3.2], the local form of a curve around
the corner points.
For this, let us fix (p, q) ∈ R and put x = i(p) = i(q). As usual, we call
0 < α1 6 . . . 6 αn < pi
the Kähler angles of the pair (TxLp, TxLq) with respect to J . We also choose a chart
φ : U → V such as the one given in Proposition 1.
Proposition 4. Let D+ = {x+ iy||x+ iy| < 1, y > 0} be the unit upper half-disk
and D+R = D+ ∩ R be its real part.
Let u : (D+,D+R) → (M, i(L)) be a non-constant J-holomorphic half-disk with
boundary on L and finite energy (i.e.
∫
u∗ω < +∞). Assume that the lift γ[0,1)
(resp. γ(−1,0]) of u|[0,1) (resp. u|(−1,0]) to L satisfies γ[0,1)(0) = p (resp. γ[0,1)(0) = q
)1.
Then there are integers k ∈ {1, . . . , n} and m > 0, together with a positive real
number δ > 0 and a vector ak ∈ Vαk2 such that
φ−1 ◦ u(z) = akz
αk
pi
+m + o
(
z
αk
pi
+m+δ
)
.
Moreover, we have
d(φ−1 ◦ u)(z) =
(αk
pi
+m
)
akz
αk
pi
+m−1 + o
(
z
αk
pi
+m+δ−1
)
.
1Geometrically this means that the curve has right boundary condition along the branch Lp and
left boundary condition along the branch Lq.
2see 2.1.1 for the the definition of Vα
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Note that this implies that there are no critical points in a sufficiently small punctured
neighborhood of a corner point.
Remark 3. We call the integer m+ 1 the multiplicity of the curve u at 0.
Proof. This is an application of a theorem of Robbin and Salamon ([RS01, Theorem
B]) on the asymptotics of a finite-energy J-holomorphic strip.
To see this, fix r > 0, and define the strip-like end
εr :
S := [0,+∞)× [0, 1] → (D+,D+R)
(s, t) 7→ −re−pi(s+it) .
For r  1 consider the map
u˜ := φ−1 ◦ u ◦ εr : S → Cn.
Then u˜ is pseudo-holomorphic with respect to the almost complex structure φ∗J ,
has finite energy with respect to the metric gφ∗J and satisfies the boundary condition
u˜ ([0,+∞)× {0}) ⊂ eiα1 · R× . . .× eiαn · R, u˜([0,+∞)× {1}) ⊂ Rn.
Moreover, since u is continuous, for r small enough the map φ−1 ◦u◦εr has relatively
compact image in Cn. Hence by [RS01, Theorem A], u˜(s, ·) converges uniformly to
x as s → +∞ and its derivative ∂su decays exponentially with respect to the usual
C∞ pseudo-distance.
We can now apply [RS01, Theorem B]. There exist a λ > 0 and a map v : [0, 1]→
Cn such that
i∂tv = λv, v(0) ∈ eiα1 · R× . . .× eiαn · R, v(1) ∈ Rn,
and a δ > 0 such that
u(s, t) = exp0
(
−1
λ
e−λsv(t) + w(s, t)
)
, |w|Ck 6 cke−(λ+δ)s.
A small computation shows that there exist an integer m > 0, an αk and a vector
vk ∈ Vαk such that
λ = αk +mpi, v(t) = e
iαke−i(αk+mpi)t.
Now notice that if z = −e−pi(s+it) , then z αkpi +m = e−s(αk+mpi)ei(αk+mpi)(1−t). Hence,
u(z) = exp0
(
−(−1)
m
λ
e−(αk+mpi)sei(αk+mpi)(1−t)
)
,
and so
u(z) = exp0
(
−(−1)
m
λ
zαk+mpi + w(z)
)
.
This gives the relevant estimate.
The estimate on the derivative follows easily from the chain rule applied to φ ◦ u ◦
ε. 
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From now on, we will work locally in M with the help of the chart given by
Proposition 2. Therefore we shall consider J-holomorphic curves with values in Cn
equipped with an almost complex structure J such that J|Rn = Jstd. We assume
these curves have boundaries on the union of the branch Lp = Rn and Lq = eiα1 ·
R× . . .× eiαn · R. We shall describe their behavior around the double point 0.
Proposition 5. Assume that u : (D+,D+R) → (Cn, Lp ∪ Lq) satisfies the hypothesis
of Proposition 4.
Then there exist
(1) an open neighborhood Ω of 0 in D+,
(2) a C1 chart
ψ : (Ω,Ω ∩ R)→ (D+,D+R),
(3) a linear isometry Au ∈ L(RdimVαk , Vαk) and a λu ∈ R+ such that
piαk (u ◦ ψ(z)) = λuAu
(
z
αk
pi
+m, U˜(z)
)
with U˜(z) = o
(
z
αk
pi
+m+δ
)
.
Moreover, if
U(z) =
∑
α∈{α1,...,αn}\{αk}
piα (u ◦ ψ(z)) ,
we have
U(z) = o
(
z
αk
pi
+m+δ
)
, dU(z) = o
(
z
αk
pi
+m+δ−1
)
.
Proof. Replacing u by φ◦u we can assume that u has values in Cn. Using Proposition
4, there are k and ak ∈ Vαk such that
u(z) = akz
αk
pi
+m + o
(
z
αk
pi
+m+δ
)
.
Choose an isometry A ∈ L(Rn, Vαk) and a λu > 0 such that A(1, 0) = λuak, then we
have
piαk(u(z)) = λuz
αk
pi
+mA(1 + a(z), U1(z))
with a(z) ∈ C, a(z) = o(zδ) and U1(z) = o(zδ).
Now if r > 0 is small enough, define φ on D(0, r) by
φ(z) = z (1 + a(z))
1
αk
pi +m .
The map φ is C1 on D+(0, r)\{0}, and if z 6= 0 we have
φ′(z) = (1 + a(z))
1
αk
pi +mdz +
za′(z)
αk
pi
+m
(1 + a(z))
1
αk
pi +m
−1
.
Therefore φ′(z)→ 1 as z → 0. Hence, φ extends to a C1 map on D+(0, r).
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Now if z ∈ R+, we have piαk(u(z)) ∈ RdimVαk , so λuz
αk
pi
+m(1 + a(z)) ∈ R and
1 + a(z) ∈ R. If z ∈ R−, since piαk(u(z)) ∈ eiαk · RdimVαk we similarly obtain
1 + a(z) ∈ R.
Since a(z) → 0 as z → 0, we can assume that for z ∈ D(0, r) ∩ R we have
1 + a(z) ∈ R+. Hence (1 + a(z))
1
αk
pi +m ∈ R and φ(z) ∈ R.
We can now use the Schwarz reflection principle to see that φ extends to a map
defined on D(0, r) with invertible differential at the origin. Therefore it admits a
local inverse. We will now assume that r > 0 is small enough so that φ is actually
invertible.
The image of D(0, r) by φ is an open subset of C with boundary a C1 simple
closed curve. By the Jordan curve theorem, this image is cut by the real line R
into two connected components. These are necessarily the images of the connected
components of D(0, r)\R by φ. We conclude that φ(D+(0, r)) is a subset of H.
Now
piαk(u(z)) = λuA
(
φ(z)
αk
pi
+m, U1(z)
)
,
and so
piαk(u(φ
−1(z))) = λuA
(
z
αk
pi
+m, U1 ◦ φ−1(z)
)
.

Let us recall the analog of this (Proposition 5) in the case of a curve with boundary
along a single branch of the immersion. This is [Laz11, Lemma 3.5] and it is proved
in the same manner as above (with a bit less trouble).
Proposition 6. Assume that u : (D+,D+R)→ (Cn, Lp) is a finite-energy, J-holomorphic
curve with u(0) = 0.
There are a matrix Au ∈ On(R), a λu > 0, a natural m ∈ N and ψ a C1 local chart
around 0 such that
u ◦ φ(z) = λuAu (zm, U(z)) ,
with U(z) = o (zm) and dU(z) = o (zm−1).
These two propositions allow us to give the local behavior of these curves when
they have boundary conditions along Lq rather than Lp.
For this let us introduce Dα1,...,αn the n×n diagonal matrix with successive entries
eiα1 , . . . , eiαn .
Proposition 7. Assume that u :
(
D+,D+R
)→ (Cn, Lq) is a finite-energy J-holomorphic
curve with u(0) = 0.
There are a matrix Bu ∈ On (R), a λu > 0 such that
u(z) = λuDα1,...,αnBu (z
m, U(z)) ,
with U(z) = o (zm) and dU(z) = o (zm−1).
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Proof. This follows directly from Proposition 6. To see this, consider the curve
v = D−α1,...,−αnu. Then v satisfies the hypotheses of 6 with the complex structure
D−α1,...,−αnJDα1,...,αn . This immediately gives the conclusion. 
The same trick allows us to give a local form around a corner point.
Proposition 8. Assume that u :
(
D+,D+R
) → (Rn, Lp ∪ Lq) is a finite-energy J-
holomorphic curve such that u(0) = 0 and u ([0, 1)) ⊂ Lq and u ((−1, 0]) ⊂ Lp (this
implies in particular that there is a corner point at 0).
Then there exist
(1) an open neighborhood Ω of 0 in D+,
(2) a C1 chart
ψ : (Ω,Ω ∩ R)→ (D+,D+R),
(3) an linear isometry Bu ∈ L(RdimVαk , Vαk) and a λu ∈ R+ such that
piαk (u ◦ ψ(z)) = λueiαkBu
(
z
pi−αk
pi
+m, U˜(z)
)
with U˜(z) = o
(
z
pi−αk
pi
+m+δ
)
.
Moreover, if
U(z) =
∑
α∈{α1,...,αn}\{αk}
piα (u ◦ ψ(z))
we have
U(z) = o
(
z
pi−αk
pi
+m+δ
)
, dU(z) = o
(
z
pi−αk
pi
+m+δ−1
)
.
Proof. As before, consider the curve v = D−α1,...,−αnu. It satisfies the boundary
condition v ([0, 1)) ⊂ Rn and v ((−1, 0]) ⊂ e−iα1 ·R× . . .× e−iαn ·R. Notice that the
Kähler angles of the second boundary condition are given by pi − α1, . . . , pi − αn.
We now apply Proposition 5 to obtain an αk ∈ (0, pi), a λu > 0, a linear map Bu
and a local C∞ diffeomorphism ψ such that
piαk (v(ψ(z))) = λuBu
(
z
pi−αk
pi
+m, U(z)
)
with U(z) = o(
pi−αk
pi
+m) and δ > 0. Notice that piαk(D−α1,...,−αnu) = e−iαkpiαk(u), so
piαk (u ◦ ψ(z)) = λueiαkBu
(
z
pi−αk
pi
+m, U˜(z)
)
.

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2.2. The relative frame of the curve is a graph. In this subsection, we will
explain how to adapt the argument of [Laz11] to show that given two finite-energy
J-holomorphic curves with boundary on L, their relative frame is a C1-embedded
graph. Recall that u1 and u2 are two finite-energy J-holomorphic curves with corners
and boundary on L.
First let us state [Laz11, Lemma 3.10]. The proof adapts without difficulty to our
context.
Proposition 9. Suppose that p1 : S1×S2 → S1 is the projection onto the first factor.
Then if V1 ⊂ S1 and V2 ⊂ S2, the map p1 : (V1 × V2) ∩Ru2u1 → V1 is open if
(1) either V2 ⊂ Int(S2) is open,
(2) or V1 is an open set such that V1 ∩W(u1, u2) ⊂ ∂S1.
Proof. Let q1Ru2u1q2 and let Vi 3 qi be two open neighborhoods satisfying V2 ⊂ Int(S2)
and V1 ∩W(u1, u2) ⊂ ∂S1. Assume that the Vi are open half-disks or open disks and
that V1\{0} ∩ C(u1, u2) = ∅.
Up to reparameterization by z → u1(λz) with λ > 0 small enough, we can assume
that if (z1, z2) ∈ V1 × V2 is such that u1(z1) = u2(z2), then |z2| 6 12 .
First, assume that z1 is a corner point and z2 is not. There are constants such
that
|u1(λz)| 6 C1λ
αi
pi
+m |z|αpi+m , |u2(z)| > C2 |z|k .
So if u2(z2) = u1(λz1), we have
C2 |z|k2 6 C1 |λ|
αi
pi
+m |z1|
αi
pi
+m .
Hence
|z2| 6
(
C1
C2
λ
αi
pi
+m
) 1
k2
.
The right term goes to zero as λ → 0+. Therefore, the result is true for λ small
enough.
Second, assume that z2 is a corner point and z1 isn’t. Then there are constants
such that
|u1(λz)| 6 C1λk |z|k , |u2(z)| > C2 |z|
α
pi
+m .
So if u2(z2) = u1(λz1), we have
C2 |z2|
α
pi
+m 6 |λ|k |z1|k ,
hence
|z2| 6
(
C1
C2
λk
) 1
α
pi+m
.
The right term goes to zero as λ→ 0+. Therefore the result is true for λ > 0 small
enough.
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Last assume that both z1 and z2 are corner points. Then there are constants such
that
|u1(λz)| 6 C1λ
α1
pi
+m1 |z|α1pi +m1 , |u2(z)| > C2 |z|
α2
pi
+m2 .
So if u2(z2) = u1(λz1), we have
C2 |z2|
α2
pi
+m2 6 |λ|α1pi +m1 |z1|
α1
pi
+m1 .
Hence
|z2| 6
(
C1
C2
λ
α1
pi
+m1
) 1
α2
pi +m2
.
The right term goes to zero as λ→ 0+. Therefore the result is true for λ > 0 small
enough.
Now, let Ω = Ru2u1(V2) ∩ (Int(V1)\{0}) ⊂ Int(V1\{0}) ∪ ∂S1.
• We have that Ω 6= ∅. Indeed, there are sequences (q1,ν) and (q2,ν) with values
in Int(S1)\C(u1, u2) and Int(S2)\C(u2, u1) such that q1,ν → q1, q2,ν → q2 and
q1,ν 6= q1. Now for ν large enough, q1,ν ∈ V1\{q1} and q2,ν ∈ V2.
• The set Ω is open in Int(V1) : if z1 ∈ Ω, then z1 /∈ C(u1, u2). Let z2 ∈ V2
be such that z1Ru2u1z2. Then z2 ∈ Int(V2) since if z2 ∈ ∂S2 we have z1 ∈ ∂S2
which is a contradiction. Moreover, du1(z1) 6= 0 and du2(z2) 6= 0. So the
restrictions of the two curves to small enough open neighborhoods of z1 and
z2 are reparameterizations of each other.
• The set Ω is closed in Int(V1)\{0} since if z1,ν → z ∈ Int(V1)\{0}, there
is z2,ν ∈ V2 such that z1,νRu2u1z2,ν . One can assume that the sequence (z2,ν)
converges to z2. Since |z2| 6 12 , we get z2 ∈ V2.
Hence Ω = Int(V1)\{0} and the result follows by taking the closure of this in V1 and
V2 since Ru2u1 is closed. 
Let us also recall a characterization of simple curves with corners and boundary
on L.
Proposition 10. Let u : (S, ∂S) → (M,L) be a finite-energy J-holomorphic curve
with boundary in L. The curve u is simple if and only if Ruu is the trivial relation.
Proof. If Ruu is non-trivial, it is easy to show that u is not simple : see [Laz11,
Corollary 3.16].
Assume that Ruu = ∆ and let N = {z ∈ Int(S)\C(u, u)|#u−1(u(z)) > 2}. Suppose
that z1,ν → z1 ∈ N and u(z1,ν) = u(z2,ν) with z2,ν → z2 ∈ S and z1,ν 6= z2,ν . Then
since z1 /∈ Cu,u, we have that u1(z1) /∈ i(R), hence by [Laz11], z1Ruuz2 and so z1 = z2.
This is a contradiction since du(z1) 6= 0 and u is locally injective around z1. 
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We will now explain how to prove that W(u1, u2) is a C1 embedded graph. The
proof is still an adaptation of [Laz00] and [Laz11] with special care given to corner
points.
Let us fix z1 ∈ S1 and z2 ∈ ∂S2 such that z1Ru2u1z2. We will show that the desired
result holds locally around z1.
There are several cases to consider depending on the type of the points z1 and z2.
The proofs of all of these follow a variation of the same scheme (and are therefore
quite interchangeable). Namely
(1) For i = 1, 2 we find an expression of ui around zi of the type
ui(z) = λiAi(1, 0)z
ci + Ai(0, Ui(z))
with ci a positive real number and Ui(z) = o(zci) (for this we apply one of
the Propositions 7,6, 8, 5 according to the type of zi ).
(2) Since there are sequences z1,ν → z2 and z2,ν → z2 which satisfy u1(z1,ν) =
u2(z2,ν), we deduce that A1(1, 0) and A2(1, 0) are dependent over C and lie
in the complexification of Vαp for some p.
(3) We then use the complexification of the standard scalar product to conclude
that W(u1, u2) is included in a union of rays.
Lemma 1. Assume that z1 ∈ ∂S1 and that z1 and z2 are not corner points.
Moreover, we suppose that u1(z1) = u2(z2) = i(p) = i(q) is a double point, that u1
has boundary condition along the branch Lp around z1 and u2 has boundary condition
along the branch Lq around z2.
Then there is an open neighborhood Ω of z1 such that W(u1, u2) ∩ Ω is a C1-
embedded graph in Ω.
Proof. Using Propositions 2, 6, and 7, we can assume that
(1) u1 and u2 have values in Cn,
(2) Lp is given by Rn and Lq is given by eiα1 · R× . . .× eiαn · R,
(3) there are local C1 diffeomorphisms ψ1 and ψ2 around z1 and z2 respectively
with images Ω1 and Ω2 such that
u1 (ψ1(z)) = λ1A
(
zk, U(z)
)
u2 (ψ2(z)) = λ2Dα1,...,αnB
(
zm, U˜(z)
)
.
Replacing Ω1 and Ω2 by smaller neighborhoods if necessary, we can assume that
C(u1, u2) ∩ Ω1 ⊂ {0}.
We claim that there is a complex µ ∈ C\{0} such that µA(1, 0) = Dα1,...,αnB(1, 0)
and that there is an αk such that A(1, 0) ∈ Vαk .
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Since z1Ru2u1z2, there are sequences (z1,ν) and (z2,ν) of points distinct from z1 and
z2 such that z1,ν → z1 and z2,ν → z2 and u1(z1,ν) = u2(z2,ν). There are µ ∈ C and
v ∈ Rn−1 such that Dα1,...,αnB(1, 0) = µA(1, 0) + A(0, v).
If by contradiction µ = 0, from the equality
λ1z
k
1,νA(1, 0) + λ1A(0, U(z1,ν)) = λ2z
m
2,νA(0, v) + λ2Dα1,...,αnB(0, U˜),
we get zk1,ν = o(zm2,ν). Therefore, we would have u1(z1,ν) = o(zm2,ν) = o(u2(z2,νm)).
This is of course a contradiction.
From this, we deduce λ1zk1,ν ∼ µλ2zm2,ν . Denote by pi : Rn → Rn the real orthogonal
projection onto A(1, 0)⊥. Since A is orthogonal, we get
o(zk1,ν) = pi(u1(z1,ν)) = pi(u2(z2,ν)) = z
m
2,νpi(Dα1,...,αnB(1, 0) + o(z2,ν)).
Hence, pi(Dα1,...,αnB(1, 0)) = 0.
Moreover, we have µA(1, 0) = Dα1,...,αnB(1, 0) ∈ eiα1 · R × . . . × eiαn · R and
A(1, 0) ∈ Rn, so A(1, 0) ∈ Vαp for some p. We conclude that µ has argument αk mod
pi.
Assume that z ∈ Ω1 ∩W(u1, u2). Then u(z) ∈ Lq. Denoting by 〈·, ·〉 the complex-
ification of the usual scalar product on Rn, we have
λ1z
k = 〈u1(z), A(1, 0)〉.
Since u1(z) ∈ Lq and A(1, 0) ∈ Vαk , we have 〈u1(z), A(1, 0)〉 ∈ eiαp ·R, so zk ∈ eiαp ·R.
We conclude that W(u1, u2) ⊂ A where A is the union of rays given by
A :=
(⋃
q
ei
αp
k
+i 2piq
p · R+
)
∪
(⋃
q
ei
αp
k
+i
(2q+1)pi
p · R+
)
.
We claim that the frame W(u1, u2)\{0} is a (possibly empty) union of connected
components of A\{0}. We prove this by showing that it is an open and closed subset
of A\{0}.
Notice that W(u1, u2) = R(∂S2) is closed, since Ru2u1 and ∂S2 are both closed. We
conclude that W(u1, u2)\{0} is closed in A\{0}.
Since Ω2∩C(u1, u2) ⊂ {0} any point ofW(u1, u2)\{0} is not in C(u1, u2). Therefore,
we can apply the proof of [Laz11, Theorem 3.18] to conclude that W(u1, u2)\{0} is
open in A\{0}. 
Lemma 2. Assume that z1 ∈ ∂S1 and that z1 is not a corner point but z2 is.
Moreover we suppose that u1(z1) = u2(z2) = i(p) = i(q) and that u1 has boundary
condition along the branch Lp around z1.
Then there is an open neighborhood Ω of z1 such that W(u1, u2) ∩ Ω is a C1-
embedded graph in Ω.
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Proof. The curve u2 can have two different types of boundary conditions. Accord-
ingly, we will consider two different cases.
First Case: By the Propositions 2, 5, and 6 we can assume that
(1) the maps u1 and u2 have values in Cn,
(2) the branch Lp is given by Rn and Lq is given by eiα1 · R× . . .× eiαn · R,
(3) there are local C1 diffeomorphisms ψ1 and ψ2 around z1 and z2 respectively
with images Ω1 and Ω2 such that
u1 (ψ1(z)) = λ1A1 (z
p, U1(z))
with U1(z) = o(zp),
piαk (u2 ◦ ψ2(z)) = λ2A2
(
z
αk
pi
+m, U˜2(z)
)
with U˜2(z) = o
(
z
αk
pi
+m+δ
)
and∑
α∈{α1,...,αn}\{αk}
piα (u2 ◦ ψ2(z)) = o
(
z
αk
pi
+m+δ
)
.
Moreover, we can assume that C (u1, u2) ∩ Ω1 ⊂ {0}.
We claim that A1(1, 0) ∈ Vαk and that there is a µ 6= 0 such that A1(1, 0) =
µA2(1, 0).
Since z1Ru2u1z2, there are two sequences z1,ν 6= z1 and z2,ν 6= z2 such that z1,ν → z1,
z2,ν → z2 and u1(z1,ν) = u2(z2,ν). Moreover, we let µ ∈ R and v be a real vector
such that piαk(A1(1, 0)) = µA2(1, 0) + A2(0, v). If, by contradiction, µ = 0, from the
equality
λ1z
p
1,νpiαkA1(1, 0) + λ1piαkA1(0, U1(z1,ν)) = λ2A2(z
αk
pi
+m
2,ν , U˜2(z2,ν)),
we get
λ1z
p
1,νA2(0, v) + λ1piαkA1(0, U1(z1,ν)) = λ2A2(z
αk
pi
+m
2,ν , U˜2(z2,ν)),
so zp1,ν = o
(
z
αk
pi
+m
2,ν
)
. Hence, u1(z1,ν) = o
(
z
αk
pi
+m
2,ν
)
= o(u2(z2,ν)), which is a contra-
diction.
In particular, we can deduce that µλ1zp1,ν ∼ λ2z
αk
pi
+m
2,ν . Denote by pi : Vαk → Vαk
the (real) orthogonal projection onto A2(1, 0)⊥. Since A2 is orthogonal, we get
λ1z
p
1,νA2(0, v) + λ1pi ◦ piαkA1 (0, U1 (z1,ν)) = λ2
(
0, U˜2 (z2,ν)
)
.
Hence, if v 6= 0, we have zp1,ν = o
(
z
αk
pi
+m+δ
2,ν
)
, which is a contradiction.
Assume that z ∈ Ω1∩W(u1, u2), then we have u1(z) ∈ Rn∪ eiα1 ·R× . . .× eiαn ·R.
Hence, from
〈A1(1, 0), u1(z)〉 = zp,
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and the fact that A1(1, 0) ∈ Vαk , we deduce that zp ∈ R ∪ eiαk · R.
So z ∈ A where A is the union of arcs given by
A =
p⋃
q=0
ei
qpi
p · R+ ∪
E(p−αkpi )⋃
q=0
ei
αk+qpi
p · R+.
Now we show that the frame (W(u1, u2) ∩ Ω1) \{0} is a (possibly empty) union of
connected components of A\{0}.
Indeed it is closed in A\{0} and W(u1, u2) = R (∂S2) is closed.
Since Ω2∩C(u1, u2) ⊂ {0} any point ofW(u1, u2)\{0} is not in C(u1, u2). Therefore,
we can apply the proof of [Laz11, Theorem 3.18] to conclude that W(u1, u2)\{0} is
open in A\{0}.
Second Case: This is practically the same as the first case. We explain the differ-
ences. This time Proposition 8 implies that we can assume
piαk(u2 ◦ ψ2(z)) = λ2eiαkA2
(
z
pi−αk
pi
+m, U2(z)
)
with U2(z) = o
(
z
pi−αk
pi
+mδ
)
and∑
α∈{α1,...,αn}\{αk}
piα(u2 ◦ ψ2(z)) = o
(
z
pi−αk
pi
+m+δ
)
.
The same argument as in case 1 shows that A1(1, 0) ∈ Vαk and that there is a real
µ 6= 0 such that A1(1, 0) = µA2(1, 0).
Assume that z ∈ Ω1 ∩W(u1, u2). Then from u1(z) ∈ Rn ∪ eiα1 · R× . . .× eiαn · R
and 〈A1(1, 0), u1(z)〉 = zp we deduce zp ∈ R ∪ eiαkR. Hence z ∈ A.
Now the proof is the same as in the first case.

Lemma 3. Assume that z1 ∈ ∂S1 and that z1 is a corner point but z2 is not.
Moreover, we suppose that u2 has boundary condition along the branch Lp around
z2.
Then there is an open neighborhood Ω of z1 such that W(u1, u2) ∩ Ω is a C1-
embedded graph in Ω.
Proof. Exchanging the roles of u1 and u2, the proof is the same as in Lemma 2. 
Lemma 4. Assume that z1 ∈ ∂S1 and that both z1 and z2 are corner points.
Moreover, we suppose that u1 and u2 have boundary condition along Lp followed
by Lq around z1 and z2 respectively.
Then there is an open neighborhood Ω of z1 such that W(u1, u2) ∩ Ω is a C1-
embedded graph in Ω.
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Proof. We can assume by Propositions 2 and 5, that
(1) the maps u1 and u2 have values in Cn,
(2) the branch Lp is given by Rn and Lq is given by eiα1 · R× . . .× eiαn · R,
(3) there are local C1 diffeomorphisms ψ1 and ψ2 around z1 and z2 respectively
with images Ω1 and Ω2 such that
piαk(u1(z)) = λ1A1
(
z
αk
pi
+m, U1(z)
)
with U1(z) = o
(
z
αk
pi
+m+δ
)
and∑
α∈{α1,...,αn}\{αk}
piα(u1(z)) = o
(
z
αk
pi
+m+δ
)
.
Moreover,
piαl(u2(z)) = λ2A2
(
z
αl
pi
+p, U2(z)
)
with U2(z) = o
(
z
αl
pi
+p+δ
)
and∑
α∈{α1,...,αn}\{αl}
piα(u2(z)) = o
(
z
αl
pi
+p+δ
)
.
Furthermore, there are two non-zero sequences (z1,ν) and (z2,ν) which converge to
0 such that u1(z1,ν) = u2(z2,ν).
First we can easily see that αk = αp. Assume the opposite. Then
o
(
z
αl
pi
+p+δ
2,ν
)
= piαk(u2(z2,ν)) = piαk(u1(z1,ν)) = λ1A1
(
z
αk
pi
+m
1,ν , U1(z1,ν)
)
.
So z
αk
pi
+m
1,ν = o
(
z
αl
pi
+p+δ
2,ν
)
. Exchanging the roles of αk and αl, we get that z
αl
pi
+p
2,ν =
o
(
z
αk
pi
+m+δ
1,ν
)
, a contradiction.
As usual, we claim that there is µ ∈ R\{0} such that A1(1, 0) = µA2(1, 0).
Let µ ∈ R and v be a vector such that A1(1, 0) = µA2(1, 0) +A2(0, v). Assume by
contradiction that µ = 0. Then since
λ1z
αk
pi
+m
1,ν A2(0, v) + λ1A1(0, U1(z1,ν)) = λ2A2
(
z
αl
pi
+p
2,ν , U2(z2,ν)
)
,
and since A2 is an isometry, we get z
αk
pi
+m
1,ν = o
(
z
αl
pi
+p
2,ν
)
. Hence, u1(z1,ν) = o(u2(z2,ν)),
a contradiction.
In particular µλ1z
αk
pi
+m
1,ν ∼ λ2z
αl
pi
+p
2,ν . Moreover, applying the (complexified) orthog-
onal projection onto A2(1, 0)⊥, we get
λ1z
αk
pi
+m
1,ν A2(0, v) + λ1A1(0, U1(z1,ν)) = o
(
z
αl
pi
+p+δ
2,ν
)
.
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This implies A2(0, v) = 0.
Now assume that z ∈ W(u1, u2). Then u1(z) ∈ Rn ∪ eiα1 · R × . . . × eiαn · R. As
usual, we take the scalar product of piαku1(z) with A1(1, 0) to obtain that z
αk
pi
+m ∈
R ∪ eiαk · R. Therefore z ∈ A, where A is the set
A :=
(
m⋃
q=0
e
i
αk+qpi
αk
pi +m · R+
)
∪
E(αkpi +m)⋃
q=0
e
i qpiαk
pi +m · R+
 .
We now show that the frame (W(u1, u2) ∩Ω1)\{0} is a (possibly empty) union of
connected components of A\{0}.
It is closed in A\{0} since W(u1, u2) is closed.
Since Ω2∩C(u1, u2) ⊂ {0} any point ofW(u1, u2)\{0} is not in C(u1, u2). Therefore,
we can apply the proof of [Laz11, Theorem 3.18] to conclude that W(u1, u2)\{0} is
open in A\{0}. 
Lemma 5. Assume that z1 ∈ Int(S1) and that z2 is a corner point.
Then there is an open neighborhood Ω of z1 such that W(u1, u2) ∩ Ω is a C1-
embedded graph in Ω.
Proof. Using Propositions 2, 5 and 3, we can assume that
(1) the maps u1 and u2 have values in Cn,
(2) the branch Lp is given by Rn and the branch Lq is given by eiα1 ·R×. . .×eiαn ·R,
(3) there are local C1-diffeomorphisms ψ1 and ψ2 around z1 and z2 respectively
with images Ω1 and Ω2 such that
u1(ψ1(z)) = λ1A1
(
zk, U1(z)
)
,
with U1(z) = O
(
zk+1
)
and
piαl ◦ u2(ψ2(z)) = λ2A2
(
z
αl
pi
+m, U2(z)
)
,
with U2(z) = o
(
z
αl
pi
+m+δ
)
and∑
α∈{α1,...,αn}\{αl}
piα ◦ u2(ψ2(z)) = o
(
z
αl
pi
+m+δ
)
.
Replacing Ω1 and Ω2 by smaller neighborhoods if necessary, we can assume that
C(u1, u2) ∩ Ω1 ⊂ {0}.
Moreover, since z1Ru2u1z2, there are non-zero sequences (z1,ν) and (z2,ν) converging
to 0 such that u1(ψ1(z1,ν)) = u2(ψ2(z2,ν)).
First, we easily see that for p 6= l, piαpA1(1, 0) = 0. Indeed, assume by contradiction
that there is p such that piαpA1(1, 0) 6= 0. Apply the projection piαp to the equality
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above to get
o
(
z
αl
pi
+m
2,ν
)
= λ1z
k
1,νpiαpA1(1, 0) + o
(
zk1,ν
)
.
So necessarily zk1,ν = o
(
z
αl
pi
+m
2,ν
)
and u2(z2,ν) = u1(z1,ν) = o
(
z
αl
pi
+m
2,ν
)
, a contradiction.
Now, we claim that there is a λ ∈ C\{0} such that A1(1, 0) = λA2(1, 0). To see
this, let λ ∈ C and v be a complex vector such that
piαl(A1(1, 0)) = λA2(1, 0) + A2(0, v).
If λ = 0, we apply the complexification of the real scalar product with A2(1, 0) to
get
o
(
zk1,ν
)
= λ2z
αl
pi
+m
2,ν + o
(
z
αl
pi
+m
2,ν
)
.
so z
αl
pi
+m
2,ν = o
(
zk1,ν
)
and u2(z2,ν) = o(u1(z1,ν)), a contradiction.
In particular, we have λλ1zk1,ν ∼ λ2z
αl
pi
+m
2,ν .
Assume that pi is the real orthogonal projection onto A2(1, 0)⊥. We apply its
complexification to get
zk1λλ1A2(0, v) = o
(
z
αk
pi
+m
2,ν
)
.
This shows that A2(0, v) = 0.
Now assume that z ∈ W(u1, u2) ∩ Ω1, so u1(z) ∈ (eiα1 · R× . . . eiαn · R) ∪ Rn.
Denote by hstd the standard hermitian scalar product (which is complex linear in the
first variable). Then, since A1 ∈ U(n),
hstd (u1(z), A1(1, 0)) = hstd
(
λ1z
kA1(1, 0) + A1 (0, U1(z)) , A1(1, 0)
)
= λ1z
k.
Recall that λ−1A1(1, 0) ∈ Vαl . For v ∈ eiα1 ·R× . . . eiαn ·R, we have hstd
(
v, A1(1,0)
λ
)
∈
eiαl · R. For v ∈ Rn, hstd
(
v, A1(1,0)
λ
)
∈ R.
In the end, we conclude that zk ∈ λ · R ∪ λeiαl · R. Call θλ ∈ [0, pi] an argument
of λ (resp. −λ) if Im(λ) > 0 (resp. Im(λ) < 0). Then z ∈ A where A is a union of
half-rays with extremities at 0,
A :=
2k⋃
p=0
ei
ppi
k · R+ ∪
E
(
2k− θλ+αl
pi
)⋃
p=E
(
− θλ+αl
pi
) ei
ppi+θλ+αl
k · R+.
Now we show that the frame (W(u1, u2) ∩ Ω1) \{0} is a (possibly empty) union of
connected components of A\{0}.
Indeed it is closed in A\{0} since W(u1, u2) = Ru2u1 (∂S2) is closed.
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Since Ω2∩C(u1, u2) ⊂ {0} any point ofW(u1, u2)\{0} is not in C(u1, u2). Therefore,
we can apply the proof of [Laz11, Theorem 3.18] to conclude that W(u1, u2)\{0} is
open in A\{0}. 
With the cases already proved in [Laz11], we readily conclude that the following
proposition holds.
Proposition 11. Let D(u1, u2) be the set of isolated points of W(u1, u2). The fol-
lowing is true
(i) D(u1, u2) ⊂ C(u1, u2) ∩ ∂S1,
(ii) W(u1, u2)\D(u1, u2) is a C1-embedded graph in S1, its vertices are in C(u1, u2).
(iii) W(u1, u2) is a C1-embedded graph.
Proof. First, note that (iii) follows immediately from (i) and (ii). We shall see that
(ii) follows quite easily form the lemmas proved above.
Let z ∈ W(u1, u2) ∩ Int(S1) so there is z2 ∈ ∂S2 such that zRu2u1z2. Assume first
that z2 is not a corner point. It follows from the proof of [Laz11, Theorem 3.18] that
W(u1, u2) is a C1-graph around z. The same results holds if z2 is a corner point, this
is the content of Lemma 5.
We prove, using that the frame relation is open in some cases (Proposition 9), that
z is not isolated in W(u1, u2). To see this, pick an open neighborhood V2 of z2 such
that V2 ∩ u−12 (z2) = {z2} and a decreasing sequence of neighborhoods V1,ν ⊂ Int(S1)
such that {z} = ∩νV1,ν . For ν ∈ N, the projection (V1,ν × V2) ∩ Ru2u1 → V2 is open
(since V1,ν ⊂ Int(S1)). Hence, there are z2,ν 6= z2 ∈ ∂S2 and z1,ν ∈ V1,ν with
z1,νRu1u2z2,ν . Necessarily z1,ν 6= z1 (otherwise u1(z1) = u2(z2,ν) which would yield
z2 ∈ u−12 (u2(z2))). We conclude that z is an accumulation point of W(u1, u2).
Now assume that z ∈ W(u1, u2) ∩ ∂S1 and and that z /∈ C(u1, u2). Pick z2 such
that zRu2u1z2. In particular z2 is not a corner point, du1(z) 6= 0 and du2(z2) 6= 0.
We can apply [Laz11, Proposition 3.13] : there are open neighborhoods ω1 and ω2
of z and z2 respectively such that φ(ω2 ∩ ∂S2) = ω1 ∩ ∂S1 and zRu2u1z′ if and only
if z = φ(z′). Therefore ω1 ∩ W(u1, u2) = ∂S1 ∩ ω1 : the frame is a local C1-graph
around z and z is not isolated in W(u1, u2).
Assume that z is not a corner point, then Lemma 2 if z2 is a corner point, and
Lemma 1 if z2 is not, show that W(u1, u2) is a graph around z.
If z is a corner point, Lemma 3 if z2 is not a corner point, and Lemma 4 if z2 is,
show again that W(u1, u2) is a graph around z. 
2.3. Frame and simple curves.
2.3.1. Lifts of curves. Two simple curves which have the same images are reparam-
eterizations of each other through a biholomorphism ([Laz11, Section 4]). In this
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section, we shall recall the statement of these results as well as provide proofs when
needed.
The relation that we just defined is not quite transitive. However, there still are a
few cases where transitivity holds. Let us consider three J-holomorphic curves with
boundary in L, ui : (Si, ∂Si)→ (M, i(L)) with i = 1 . . . 3.
Proposition 12 (Proposition 4.1, [Laz11]). If (z1, z2, z3) ∈ S1 × S2 × S3 satisfy
z1Ru2u1z2 and z2Ru3u2z3, and one of the following holds
(1) z1 ∈ Int(S1) or z3 ∈ Int(S3),
(2) z2 ∈ ∂S2 and there is a neighborhood ω2 ⊂ S2 of z2 such thatW(u1, u2)∩ω2 ⊂
∂S2 or W(u2, u3) ∩ ω2 ⊂ ∂S2,
then z1Ru3u1z3.
Moreover, it turns out that the relation R has the lifting property with respect to
the projection on the second factor.
Proposition 13 (Lemma 4.3, [Laz11]). Let z1 ∈ S1\ (W(u1, u2) ∪ C(u1, u2)) and
z2 ∈ S2 such that z1Ru2u1z2.
Assume that γ1 : [0, 1] → S1 is a continuous map such that γ1(0) = z1 and for
t ∈ [0, 1[, γ1(t) /∈ W(u1, u2) ∪ C(u1, u2).
There exists a unique continuous map γ2 : [0, 1]→ S2 such that γ2(0) = z2 and for
t ∈ [0, 1], γ1(t)Ru2u1γ2(t).
Proposition 14 (Lemma 4.4, [Laz11]). Let γ1 : [0.1] → W(u1, u2) be a continuous
path such that γ1(t) /∈ C(u1, u2) for 0 < t < 1. If z1 = γ1(0) and z1Ru2u1z2 with
z2 ∈ Int(S2).
There is γ2 : [0, 1] → W(u2;u1, u2) such that γ2(0) = z2 and γ1(t)Ru2u1γ2(t) for
0 6 t 6 1.
Moreover, if γ1([0, 1]) ⊂ W(u1, u2), then γ2([0, 1]) ⊂ W(u2, u2). Otherwise γ2([0, 1]) ⊂
W(u2, u1).
Proposition 15 (Lemma 4.5, [Laz11]). Assume ∂S2 is connected. If C is a connected
component of W(u1, u2) with C ⊂ Int(S1), then for z ∈ ∂S2 there is w ∈ C such that
wRu2u1z.
We also introduce the following notion.
Definition 4. The J-holomorphic curve u : (S, ∂S) → (M, i(L)) is properly bor-
dered if ∂S is open in W(u, u).
2.3.2. Simple curves are determined by their frames.
Definition 5. Two J-holomorphic curves with boundaries on L defined on connected
surfaces u1 and u2 have relatively simple frames if Ru2u1 6= ∅, W(u1, u2) ⊂ ∂S1 andW(u2, u1) ⊂ S2.
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The argument of [Laz11, section 4] holds without modifications to yield
Theorem 2 (Theorem 4.13, [Laz11]). If u1 and u2 are two simple curves with bound-
ary in L, the following assertions are equivalent
(1) u1(S1) = u2(S2) and u1(∂S1) = u2(∂S2),
(2) W(u1, u2) = ∂S1 and W(u2, u1) = ∂S2,
(3) u1 and u2 have relatively simple frames,
(4) Ru2u1 6= ∅ and u1(∂S1) = u2(∂S2),
(5) There exist biholomorphism φ12 : (S2, ∂S2)→ (S1, ∂S1) such that
u2 = u1 ◦ φ12.
2.4. Factorizations of J-holomorphic disks.
2.4.1. Factorization of curves.
Proposition 16. Let u : (S, ∂S) → (M, i(L)) be a non-constant finite-energy J-
holomorphic curve with corners and boundary on L. We suppose that W(u).
Let {z1, . . . , zN} ⊂ ∂S such that Ruu{z1} = {z1, . . . , zN}.
There are simply connected open sets Ωi 3 zi for i = 1, . . . , N such that Ωi ∩
C(u, u) ⊂ {zi} and applications ψij : Ωi → Ωj such that
(1) ψij is the unique biholomorphism such that u ◦ ψij = u,
(2) If (z, w) ∈ Ωi × Ωj, we have zRuuw if and only if w = ψij(z).
Proof. For i = 1 . . . N , choose Vi a neighborhood of zi and C1 charts such that, in
these charts,
u(z) = ai(z − zi)ki + o(|z − zi|ki)
if zi is not a corner point, or
u(z) = ai(z − zi)
αi
pi
+mi + o(|z − zi|
αi
pi
+mi)
if zi is.
Moreover, we can assume that d |u|z is non-zero on Vi. We choose an α ∈ such that
0 < α < inf∂(∪Vi)\∂D. Then α is a regular value of |u|. Denote by Ωi the connected
component of D+\ |u|−1 {α} such that Ωi 3 zi. Since
d |u| (z − zi) = |ai|2
(αi
pi
+mi
)
+ o(1)
is positive for z close enough to zi, we can assume (choosing α smaller if necessary)
that Ωi is simply connected. It implies that it is biholomorphic to a disk. Further-
more, its boundary is the union of an embedded arc in ∂S and an embedded arc in
the interior.
Let us show that the ψij exist. Choose z˜1 ∈ Ω1 ∩ Int(S) and z˜2 ∈ Ω2 ∩ Int(S). We
build ψ12 : Ω1\∂D→ Ω2\∂D.
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For this, choose z ∈ Ω1\∂D. There is a continuous path γ : [0, 1] → Ω1\∂D from
z˜1 to z. This path lifts to a unique continuous γ2 : [0, 1] → S such that γ2(0) = z˜2
and γ(t)Ru2u1γ2(t). Notice that since W(u) = ∂S, we have γ2(t) /∈ ∂S. Moreover,
since |u(γ(t))| < α for all t ∈ [0, 1] and u(γ2(t)) = u(γ(t)), we get γ2(t) ∈ Ω2\S. We
put ψ12(z) = γ2(1).
It remains to see that ψ12(z) does not depend on the choice of γ. For this, suppose
that there is a homotopy H : [0, 1] × [0, 1] → Ω1\∂D such that H(0, ·) = γ. By
the same argument as before, there is a unique lift H˜ : [0, 1] × [0, 1] → Ω2\∂D such
that H(s, t)RuuH˜(s, t). It is easy to see, using that there is no critical points of u in
Ω2\∂S, that H is actually smooth. Thus the existence of ψ12 is proved.
Recall that there are no critical points of u in Ω2\ {z2}. It is easy to see, using the
same argument, that ψ12 extends to a holomorphic map Ω1\{z1} → Ω2\{z2}. In a
local chart for S, this is a bounded holomorphic map from D+R\{0} to D+R\{0} sending
the real line to the real line. Hence, it extends to a holomorphic map Ω1 → Ω2.
To see that this is a biholomorphism, notice that the same argument allows us to
build a holomorphic map ψ21 : Ω2 → Ω1 such that ψ21(z˜2) = z˜1. Now Φ = ψ12 ◦ pi21 :
Ω1 → Ω1 satisfies u ◦ Φ = u and Φ(z˜1) = z˜1. Hence by the unicity of lifts of paths,
it is the identity. Exchanging the order of the composition, we get ψ12 ◦ ψ21 = Id.
The unicity follows from a beautiful argument given in [Laz00, Proposition 5.9].
Assume that ψ is a biholomorphism Ω1 → Ω1 such that u◦ψ = u. Since Ω1 is simply
connected, we can assume that it is actually equal to D by the Riemann mapping
theorem. Then ψ has a fixed point, say z0. If z0 ∈ ∂D, then ψn(z) → z0 for all z,
so u is constant. Hence z0 ∈ D˚ and we can assume z0 = 0 so ψ(z) = ζz for some
ζ ∈ ∂D. Either ζ has infinite order, in which case u is constant, or it has finite order
so u factors through z 7→ zk. But u is an immersion on D, so k = 1. 
From this, we immediately get the following corollary.
Corollary 2. IfW(u) = ∂S and z1, . . . , zN ∈ ∂S are such thatRuu{z1} = {z1, . . . , zn}.
There are holomorphic charts hi : (D+,D+R) → (S, ∂S) with hi(0) = zi such that
hi(z) = hj(z
′) if and only if zRuuz′.
Corollary 3. Assume that W(u) = ∂S, then there is a simple, finite-energy J-
holomorphic curve v : (S ′, ∂S ′)→ (M, i(L)) and a finite branched cover p : (S, ∂S)→
(S ′, ∂S ′) which restricts to an actual cover p : ∂S → ∂S ′ such that
u = v ◦ p.
Proof. The relation Ruu is transitive by Proposition 12. Therefore, the quotient S ′ =
S/Ruu is well-defined.
It remains to define holomorphic charts on S ′ such that the quotient map p : S →
S ′ is holomorphic.
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Let z′ ∈ S ′, let
p−1(z) = {z1, . . . , zN} ⊂ ∂S
be the preimages of z′. We consider the biholomorphisms h1, . . . , hN given by Corol-
lary 2. Then the restriction of p to each Ωi is a bijection. Remark that, up to taking
smaller neighborhoods, the Ωi can be assumed relatively compact. Therefore, we can
assume that p restricted to each Ωi is a homeomorphism onto its image. The chart
around z′ is given by hi ◦ p−1|Ωi .
If the preimages of z′ are contained in Int(S), the charts are constructed in [MS12,
Proposition 2.5.1].
Notice that this immediately implies that p|∂S : ∂S → ∂S ′ is a finite cover.
The map u goes through the quotient to induce a holomorphic map v : (S ′, ∂S ′)→
(M, i(L)) which is simple. Call E = {y1, . . . , ym} the corner points of u and let
γ : ∂S\E → L be the boundary condition of u. Corollary 2 immediately implies that
if z ∈ ∂S is not a corner point and z′ is such that zRuuz′, then z′ is not a corner point.
We deduce that in a neighborhood of z, we have γ ◦ hz = γ ◦ hz′ . Hence, γ can be
quotiented out to give a continuous map γ′ : ∂S ′\p(E) which satisfies i◦γ′ = v|S′\p(E).
It is now immediate from the definition of γ′ that each point of p(E) is a corner
point.
Since p is a branched cover of finite degree, say d > 1, we have∫
u∗ω = d
∫
v∗ω,
so
∫
v∗ω < +∞.
The fact that v is simple is an easy consequence of the definition of S ′. If zRvvz′,
there are two sequences zν → z and z′ν → z′ such that zν /∈ C(v), z′ν /∈ C(v) and
zνRvvz′ν . Now pick two sequences of lifts of these z˜ν , z˜′ν which converge (up to a
subsequence) to two points say z˜ and z˜′. Notice that p is a branched cover, hence
a local embedding outside the critical points. With this in mind, zνRvvz′ν implies
z˜νRuuz˜′ν . This implies in turn z˜Ruuz˜′. So by definition z = p(z˜) = p(z˜′). Hence, the
relation Rvv is trivial. Now apply Proposition 10. 
We can conclude that any curve can be decomposed into simple pieces.
Theorem 3. Let u : (S, ∂S)→ (M, i(L)) be a finite-energy J-holomorphic curve with
boundary in L. There are finite-energy simple J-holomorphic curves with corners
vi : (Si, ∂Si)→ (M, i(L)) for i = 1 . . . N such that
Im(u) =
N⋃
i=1
Im(vi)
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and there are integers m1, . . . ,mN > 1 such that
[u] =
N∑
i=1
mi[vi] in H2(M, i(L)).
Proof. The proof of the first point proceeds as in Lazzarini’s paper. For each con-
nected component Ω of S\W(u), choose a complex embedding hΩ : (SΩ, ∂SΩ) →
(Ω, ∂Ω) ([Laz11, Lemma 2.6]) and consider the map u ◦ hΩ.
We have
E(u ◦ hΩ) 6 E(u|Ω) 6 E(u) < +∞.
The set of the preimages of double points u−1 (i(R)) is finite, hence by [Laz11, Lemma
2.4], the set (u ◦ hΩ)−1 (i(R)) is also finite. Therefore u ◦ hΩ has a finite number of
corner points.
Now we claim that W (u ◦ hΩ) = ∂SΩ. To see this, let z ∈ W (u ◦ hΩ). There is
z′ ∈ ∂SΩ such that z′Ru◦hΩu◦hΩz. From this, it follows that hΩ(z)RuuhΩ(z′). If hω(z′) ∈
Int(S), from hΩ(z′) ∈ W(u) it follows that hΩ(z) ∈ W(u) by transitivity. Hence,
z ∈ ∂SΩ. Therefore,W (u ◦ hΩ) ⊂ ∂SΩ and there is equality since the other inclusion
holds by definition.
By Corollary 3, there is a Riemann surface with boundary S ′Ω, a map pΩ : SΩ → S ′Ω
and a simple curve vΩ : S ′Ω → (M, i(L)) such that
u ◦ hΩ = vΩ ◦ pΩ.
Moreover, we see immediately that
Im(u) =
⋃
Ω
Im(vΩ),
where the union is taken over the set of connected components of D\W(u). 
Now the conclusion of the main Theorem 1 follows immediately from the following
proposition.
Proposition 17. Assume that u : (D, ∂D)→ (M,L) is a finite-energy J-holomorphic
disk with corners and boundary on L. Keeping the notations of the proof of Theorem
3, each of the surfaces S ′Ω is biholomorphic to a disk.
Given what we have already shown, the proof of Proposition 17 does not differ
much from the proof of the corresponding proposition in [Laz11, Proposition 5.5].
For the convenience of the reader, we shall recall the proof in the next subsection.
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2.4.2. Connectedness of the frame and holomorphic spheres. The main result is the
following proposition.
Proposition 18. Assume that u : (D, ∂D)→ (M,L) is a finite-energy J-holomorphic
disk with corners with W(u) not connected. There is a simple J-holomorphic sphere
v : CP 1 →M such that Im(u) = Im(v) and Ruv 6= ∅.
Proof of Proposition 17 assuming 18 . First, assume that W(u) is connected. Let Ω
be a connected component of D\W(u). It is simply connected, hence SΩ is a disk.
Keeping the notation of 3 in mind, let g′Ω be the genus of S ′Ω. The Riemann-Hurwitz
formula applied to the cover pΩ yields :
1 = deg (pΩ) (1− g′Ω)−m
with m > 0 an integer. From m+ 1 > 0 and 1− g′Ω 6 1, we deduce g′Ω = 0.
Now assume thatW(u) is not connected. Therefore, there is a simple J-holomorphic
curve v : CP 1 → M such that Im(u) = Im(v) and Ruv (CP 1) = D. Notice that if
z ∈ D, z1 ∈ CP 1 and z2 ∈ CP 1 are such that zRuvz1 and zRuvz2, then z1 = z2 (in
other words every element of D lifts to a unique point in CP 1). Indeed by transitivity
(Proposition 12), we get z1Rvvz2 and since v is simple z1 = z2 (see Proposition 10).
The points of C(u, v) are isolated. Therefore, Proposition 14 implies that the
boundary of u lifts to a continuous curve γ : ∂D → CP 1 such that u(z)Rγ(z) for
z ∈ ∂D and whose image is W(v, u). Hence W(v, u) is connected, so each connected
component Ω of CP 1\W(v, u) is simply connected and gives rise to a simple J-
holomorphic disk v|Ω : Ω→M .
Consider Ω a connected component of D\W(u), and SΩ, S ′Ω as in the proof of 3.
If z is in the interior of S ′Ω, there is a point z˜ ∈ CP 1 such that zRvv′Ω z˜. Let Ω˜ be the
connected component of CP 1\W(v, u) containing z˜.
Then one checks that R(∂Ω˜) = ∂Ω and R(∂Ω) = ∂Ω˜, so v′Ω is a J-holomorphic
disk by Theorem 2. 
We will give the proof of Propositon 18 at the end of the next subsection after
some preliminary results.
2.4.3. Cutpoints and holomorphic spheres. Here we will state some results whose
proofs are given in [Laz11]. An exception is point (2) of Proposition 19 which is
specific to our own situation. Nevertheless, for the convenience of the reader, we
shall sum up the main arguments.
First, we will need to define the notion of cutpoint, those are the points at the
boundary where the disk closes on itself.
Definition 6. Let u : (S, ∂S) → (M, i(L)) be a finite-energy J-holomorphic curve
with corners and z ∈ ∂S.
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The point z is a cutpoint if there is a complex embedding h : (D+, ∂D+)→ (S, ∂S)
with h(0) = z and a J-holomorphic disk such that 0 is a dead-end of W(v, u ◦ h).
We denote by Cut(u) ⊂ ∂S the set of cutpoints of u.
Here are some properties of the set of cutpoints.
Proposition 19. Let u : (S, ∂S)→ (M, i(L)) be a finite-energy J-holomorphic curve
with corners.
(1) If Cut(u) = ∅, then W(u) has no dead-ends.
(2) If z ∈ Cut(u), then z is not a corner point.
(3) If z ∈ Cut(u), there is a neighborhood ω of z in ∂S and a continuous involu-
tion σ : ω → ω such that σ(z) = z and zRuuσ(z) for z ∈ ω.
Proof. The proof of (1) is clear. Assume z0 is a dead-end, then there is a point
z ∈ ∂S such that z0Ruuz0. Choose an embedding φ : D→ S such that φ(0) = z0 and
φ−1(W(u)) is an embedded Jordan arc. By definition W(u ◦ φ, u) = φ−1(W(u)), so
0 is a dead end of W(u ◦ φ, u). Now choose an embedding h : (D+, ∂D+)→ (S, ∂S)
with h(0) = z. Then W(u ◦ φ, u ◦ h) ⊂ W(u ◦ φ, u) and the former is open in the
latter by Proposition 9. Hence 0 is a dead-end of W(u ◦ φ, u ◦ h) and z ∈ Cut(u).
Let z be a cutpoint. Assume by contradiction that z is a corner point mapping to
x = i(p) = i(1). There are a disk v : D → M and an embedding h : (D+, ∂D+) →
(S, ∂S) with h(0) = z such that 0Ru◦hv z and 0 is a dead end of W (v, u ◦ h). Without
loss of generality, we can assume that u ◦ h (R+) ⊂ Lp and u ◦ h (R−) ⊂ Lq. The
paths γ+ : [0, 1)→ D+ and γ− : (−1, 0]→ D+ defined by γ±(t) = t lift to continuous
paths γ˜± with values in W(v, u ◦ h) such that γ˜±(t)Ru◦hv γ±(t). Since the image of
γ± is not contained in C(u ◦ h, v), the paths γ˜± are not constant. Hence, since the
frame is locally path-connected, there is a small neighborhood ω of 0 in W(v, u ◦ h)
such that v(ω) ⊂ Lp and v(ω) ⊂ Lq, so v(ω) ⊂ {0}. This implies that v is constant.
This contradiction proves (2).
As before, assume that z ∈ Cut(u) and keep the notations of the proof of (2).
By Proposition 6 and (2), one can assume that h is such that in a suitable local
chart u ◦ h(z) = A(zk, U(z)) with U(z) = o(zk). We conclude that the paths γ˜± are
embeddings with values in W(v, u ◦ h) which is one-dimensional. Hence v ◦ γ+(t) =
v ◦ γ−(t) (and k is even). The involution σ maps h (γ+(t)) to h (γ−(t)).

The next proposition gives a sufficient condition for a holomorphic disk to be a
sphere.
Proposition 20. Let u be a J-holomorphic disk. Assume W(u) is open in ∂S. If
there is a J-holomorphic disk v : D → M such that W(v, u) is an embedded Jordan
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curve, then there is a simple J-holomorphic sphere w : CP 1 →M such that
Im(u) = Im(w),
and Rwu (CP 1) 6= ∅.
Proof. The idea of the proof is that the boundary of the disk u closes itself on the
image of W(v, u) by v.
First, one can assume without loss of generality that v is a simple disk.
Let z0 be an extremity of W(v, u) and choose a point z ∈ ∂D such that z0Ruvz (in
particular z0 is a cutpoint of u). One can prove as in the preceding proposition that
there are two distinct paths γ± : R+ → ∂D, and a path γ˜ : R+ →W(v, u) satisfying
(1) γ±(0) = z,
(2) γ˜(0) = z0,
(3) γ±(t)Rvuγ˜(t).
Let N > 0 be the first number such that γ+(t) = γ−(t). The surface S := D/ ∼
with γ+(t) ∼ γ=(t) for t ∈ [0, N ] is a topological sphere. The map u factors through
the quotient projection pi : D→ S to give a map w : S →M . It remains to see that
S admits a structure of Riemann surface such that pi is holomorphic.
To construct charts, consider a point γ+(t0)Ruuγ−(t0) with t0 ∈ (0, N) which is
not a cutpoint. The proof of Proposition 16 shows that there are local charts h± :
(D+, ∂D+) → (D, ∂D) and h˜±(D+, ∂D+) → (D,W(v, u)) such that h±(z1)Rvuh˜±(z2)
if and only if z1 = z2. Since v is simple, there is a unique map φ− such that
h˜+(t) = h˜−(φ−(t)). The surface D+ unionsq D+/ ∼ where t ∼ φ−(t) has a structure of a
Riemann surface with the charts given by the union of the maps h˜+ and h˜−. The
chart for the surface S is then given by h+ unionsq h−. The map w restricted to this chart
is holomorphic since equal to the restriction of v to the images of h˜+ and h˜−.
If we consider a point γ+(t0) which is a cutpoint, one can check that γ˜(t0) is an
endpoint of W(v, u). 
Proposition 21. Let u : (D, ∂D)→ (M,L) be a finite J-holomorphic disk such that
∂D is open in W(u). Moreover, assume that W(u) is not connected and that u is
not a J-holomorphic sphere.
Pick z0, z1 ∈ Cut(u) such that z0Ruuz1 and let γ : [0, 1]→ ∂D be an embedded path
with γ(0) = z0 and γ(1) = z1.
There are 0 < t0 < t1 < 1 such that γ(ti) ∈ C(u, u)\Cut(u) with i ∈ {0, 1}.
Proof. The point t1 is the smallest t ∈ (0, 1] such that γ(t) ∈ C(u, u). It is enough to
show that γ(t1) /∈ Cut(u) since this implies t1 6= 1.
The idea is as follows. Assume that γ(t1) is a cutpoint. Pick a connected com-
ponent C ⊂ W(u) ∩ Int(D) and a lift γ˜ : [0, 1] → C such that γ˜(t)Ruuγ(t). Since
γ(0) ∈ Cut(u) (resp. γ(1) ∈ Cut(1)), there is a J-holomorphic disk w0 : Int(D) →
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M (resp. w1 : Int(D) → M) and an embedding h0 : (D+, ∂D+) → (M, i(L))
(resp. h1 : (D+, ∂D+) → (M, i(L))) such that 0 is a dead-end of W(w0, u ◦ h0)
(resp. W(w1, u ◦ h1)). We also pick an embedding h2 : Int(D) → Int(D) such that
h2(−1, 1) = γ˜(ε, t0 − ε) and 0 /∈ Rw2wiw2(D). Now we attach the three disks w0, w1
and w2 using the relation R to obtain a disk w such that W(w, u) is a Jordan arc.
Therefore, u is a J-holomorphic sphere, a contradiction.
Let t0 be the largest t ∈ (0, t1] such that γ(t) ∈ C(u, u). We are done if we show
that t0 6= t1.
Assume t0 = t1. Since γ(0)Ruuγ(1), one can choose γ such that γ(t)Ruuγ(1 − t).
One can then check that this implies t0 ∈ Cut(u), a contradiction. 
All of this allows us to show that some disks are equivalent to disks whose frame
does not possess dead-ends.
Proposition 22. Let u : (D, ∂D) → (M,L) be a finite-energy J-holomorphic disk
with boundary on L such that ∂S is open in W(u). The frame W(u) is not connected
and which is not a J-holomorphic sphere.
There is a finite-energy J-holomorphic disk with corners u˜ such that
(1) Im(u) = Im(u˜),
(2) we have Cut(u˜) = ∅,
(3) there is a surjection pi0 (W(u))→ pi0 (W(u˜)).
Proof. The idea is to fold the boundary along the cutpoints.
More precisely, choose a a point z1 ∈ Cut(u) and let {z1, . . . , zN} be the set
Ruu{z1} ∩ ∂D. Let z˜ ∈ Int(D) be a point such that z1Ruuz˜. There are injective paths
γ2 : [0, 1]→W(u) and γi,± : [0, 1]→ ∂D such that
(1) γ˜(t)Ruuγi,±(t) for i ∈ {1, . . . , N},
(2) γ˜(0) = z˜, γ˜(1) ∈ C(u, u),
Notice that the preceding proposition shows that the points γ±,i(1) are distinct for
i = 1 . . . N .
We let S := D/ ∼ be the quotient of D identifying γ±,i(t) with γ±,j(t) for i, j ∈
{1, . . . , N}. Topologically, the surface S is a disk. Then u factors through a map
v : S →M . It remains to show that there is a complex structure on S such that the
quotient map pi : D→ S is holomorphic.
As in Proposition 20, the idea is to build a chart around γi,+(t) using as a chart
a quotient of a small disk around the corresponding point γ˜(t). For γi,+(t) with
t ∈ [0, 1) it is the same process as in Proposition 20.
Consider the points γi,+(1) and γi,−(1) and assume that γ˜(1) is not a vertex of
the graph W(u). Choose a small enough holomorphic embedding φ : IntD → D
such that φ(0) = γ˜(1) and Imφ ∩ C(u, u) = ˜γ(1). The set φ−1 (W(u, u)) is divided
in two arcs, one is simply φ−1(γ˜) and we call the other γ′. Choose an embedding
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h′ : (D+, ∂D+)→ (D, γ′). The graph W(u ◦ φ ◦ h, u) consists of the boundary(−1, 1)
and an arc going from 0 to the outer boundary of the half-disk. We call this arc γ′′.
Using the proof of Proposition 16, we show that there are 4 embeddings h˜± :
(D+, ∂D+) → (D+, ∂D+ ∪ γ′′) and h± : (D+, ∂D+) → (D, ∂D) with h˜±(0) = 0 and
h±(0) = γ±(1). These satisfy h˜±(z1)Rh±(z2) if and only if z1 = z2. As before one can
attach the two half-disks along their boundaries and identify the resulting surface
with D+ through the disjoint union of the maps h˜±.
Suppose that γ˜(1) is a vertex of the graph W(u). Let φ : IntD → D be a small
enough holomorphic embedding so that φ(0) = γ˜(1) and Imφ ∩ C(u, u) = ˜γ(1). The
paths γ±(1 − t) lift to two (not necessarily distinct) arcs γ1 and γ2 in W(u, u). Let
h˜ : (D+, ∂D+) → (IntD, φ−1(γ1 ∪ γ2)) be a holomorphic embedding with φ−1(γ˜) ⊂
Im(h˜). We then proceed just as before!
The end product is a finite-energy J-holomorphic disk with corners v such that
# Cut(v) 6 # Cut(u)−1. We then repeat the process by induction to get the desired
disk u˜. 
After these results, we now return to the proof of Proposition 18.
Proof of Proposition 18. Assume by contradiction that u is not a J-holomorphic
sphere. Then by Propositions (22), there is a finite-energy J-holomorphic disk u˜
with corners and boundary on L which satisfies the following.
(1) The set ∂D is open in W(u).
(2) The connected component Ω of DW(u˜) which contains ∂D is not simply con-
nected. It is the unique connected connected component with this property.
(3) The set of cutpoints is empty.
(4) The map u˜ is not a J-holomorphic sphere.
Call Ω1 the connected component of D\W(u) which contains ∂D and choose a map
h : (S, ∂S)→ (Ω1, ∂Ω1) which is a biholomorphism from Int(S) to Int(Ω1). The map
uΩ1 := u ◦ h factors through a simple J-holomorphic map vΩ1 : S ′Ω1 → M . We show
that this is a disk.
For C a connected component of W(u), denote by ΩC the connected component
of D\W(u) with boundary C. It is simply connected, hence biholomorphic to a disk.
Hence, the map uΩC := u|ΩC factors through a simple disk vΩC .
Let z ∈ ∂S ′Ω1 and pick a point z˜ ∈ p−1Ω1 (z). There is s ∈ C such that h(z˜)Ruus.
Then, either h(z˜)RuΩCuΩ1 s or h(z˜)R
uΩ1
uΩ1
s. In the first case, the J-holmorphic maps vΩ1
and vΩC satisfy W(vΩ1 , vΩC ) = ∂Ω1 and W(vΩC , vΩ1) = ∂ΩC . Hence, vΩ1 and vΩC
are conjugate.
If there is no connected component such that h(z˜)RuΩCuΩ1 s, the surface SΩ1/R
uΩ1
uΩ1
has a unique connected component. Therefore, it is a disk
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Now choose a connected component C. We glue the disks vΩC and vΩ along their
boundaries to get a J-holomorphic sphere v : CP 1 → M such Rvu˜(CP 1) 6= ∅. We
readily conclude that u˜ is a sphere. This is a contradiction. 
3. Consequences of the main theorem
3.1. Simplicity of curves for generic almost complex structures. In this sub-
section, we give the proof of Corollary 1. The proof is basically contained in [Laz11,
Theorem B] and [BC07]. Here, we sum up the main arguments involved in the proof.
3.1.1. Intersection points and indices of curves. For each (ordered) double point
(p, q) ∈ R (with as usual x = i(p) = i(q)), denote by G(TxM) the Lagrangian
Grassmannian of TxM . We choose once and for all a smooth path λ(p,q) : [0, 1] →
G(TxM) such that λ(p,q)(0) = dip(TxL) and λ(p,q)(1) = diq(TxL). Moreover, we may
assume that λ(q,p) is λ(p,q) parameterized in the reverse direction.
Now define a Maslov pair (E,F ) (we use the terminology of [MS12, Appendix
C.3]) as follows. We let E be the trivial symplectic vector bundle over the closed
Poincaré half-plane H with fiber TxM equipped with the symplectic form ωx. Now
consider a strictly increasing smooth function f : R → [0, 1] such that f(t) = 0 for
t << 0 and f(t) = 1 for t >> 0. Then the Lagrangian boundary condition is given
for t ∈ R by Ft = λ(p,q)(f(t)).
We endow H with the following strip-like end
ε :
]−∞, 0]× [0, 1] → H
(s, t) 7→ e−pi(s+it)
and endow the bundle H×TxM with the trivial symplectic connection. This satisfies
the hypotheses of [Sei08, section 8h], hence admits an associated Fredholm Cauchy-
Riemann operator. We denote by Ind(p, q) the index of this operator.
Now, choose a compatible almost complex structure J ∈ J (M,ω) and let
(p0, q0), . . . , (pd, qd) ∈ R
be d ∈ N∗ ordered self-intersection points of i.
Let A be a homotopy class of topological disks with corners3 and corner points
given in cyclic order by (p0, q0), . . . , (pd, qd).
Assume first d > 2. Recall that there is a universal family Sd+1 pi−→ Rd+1 of disks
with d+ 1 marked points. Fix a universal choice of positive strip-like ends 4.
We defineM(A, (p0, q0), . . . , (pd, qd), J) to be the space of maps u : pi−1(r) → M
for some r ∈ Rd+1 satisfying the following conditions,
(1) u is a finite-energy J-holomorphic disk with corners and boundary on L,
3See Remark 1 for the definition
4See [Sei08, Section (9)] for the relevant definitions
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(2) the corner points of u coincide with the limits of the strip-like ends and the
switch condition at the i-th marked point is given by (pi, qi),
(3) the homotopy class of u is A.
Each u ∈M(A, (p0, q0), . . . , (pd, qd), J) gives rise to the bundle pair (u∗TM, u∗TL).
The linearization of the Cauchy-Riemann equation at u yields a Cauchy-Riemann
operator between suitable Sobolev completions of the space of sections of this bundle
pair
Du : W
k,p(u∗TM, u∗TL)→ W k−1,p(Λ0,1u∗TM).
Fix such a u : pi−1(r) → M and denote by x0, . . . , xd the marked points in the
domain. There is a natural compactification of pi−1(r) given by the union of pi−1(r)
and d+ 1 copies of the interval [0, 1] topologized so that the positive (resp. negative)
strip-like ends εi : (0,+∞[×[0, 1] → pi−1(r) (resp. εi :] − ∞, 0) × [0, 1] → pi−1(r))
extend to homeomorphisms εi : (0,+∞]×[0, 1]→ pi−1(r) (resp. εi : [−∞, 0)×[0, 1]→
pi−1(r)). We will call it pi−1(r).
The map u admits a unique extension to a continuous map u : pi−1(r)→M . This
gives rise to a Maslov pair by setting the boundary condition to be u∗TL over ∂pi−1(r)
and λ(p,q) over the added intervals. The index of this Maslov pair only depends on
the homotopy class A of the map u. We call it µA.
The index of the operator Du is given by the following formula
Ind(Du) = n+ µA −
d∑
i=0
Ind(pi, qi).
The reader may find a proof in the paper of Akaho-Joyce [AJ10, Section 4.3, Proposi-
tion 4.6]. One can also deduce it from the exposition in Seidel’s book [Sei08, Section
(11)].
For the case d = 1, we consider the space of J-holomorphic strips with cor-
ners at (p0, q0) and (p1, q1). More precisely, define Z = R × [0, 1]. We denote by
M˜(A, (p0, q0), (p1, q1), J) the space of finite-energy J-holomorphic maps u : Z → M
such that u(0, ·) (resp. u(1, ·)) lifts to a map γ− : R → L (resp. γ+ : R → L)
with lims→+∞(γ−(s), γ+(s)) = (p1, q1), lims→−∞(γ−(s), γ+(s)) = (p0, q0). The index
of such a curve is given by
Ind(Du) = µA + Ind(p0, q0)− Ind(p1, q1).
For the case d = 0, we consider the space of J-holomorphic teardrops with corner
at (p0, q0). More precisely, we denote by M˜(A, (p0, q0), J) the space of finite-energy
J-holomorphic maps u : H → M such that u|R lifts to a map γ : R → L with
lims→−∞ γ(s) = p0 and lims→+∞ γ(s) = q0.
The index of an element u of this moduli space is given by
Ind(Du) = µA + Ind(p0, q0).
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3.1.2. Generic transversality of moduli spaces. Assume that d > 2 and denote by
M∗(A, (p0, q0), . . . , (pd, qd), J) ⊂ M(A, (p0, q0), . . . , (pd, qd), J) the moduli space of
simple curves with corners the (pi, qi). The usual transversality arguments imply that
there is a second category subset Jreg(M,ω) ⊂ J (M,ω) such that for J ∈ Jreg(M,ω)
the spaceM∗(A, (p0, q0), . . . , (pd, qd), J) is a manifold of dimension Ind(Du) + d− 2
if not empty.
If d ∈ {0, 1}, we quotient M˜∗(A, (p0, q0), . . . , (pd, qd), J) by the space of conformal
reparameterizations leaving the marked points fixed and denote the resulting space
by M∗(A, (p0, q0), . . . , (pd, qd), J). There is a second category subset Jreg(M,ω) ⊂
J (M,ω) such that the spaceM∗(A, (p0, q0), . . . , (pd, qd), J) is a manifold of dimension
Ind(Du) + d− 2 if not empty.
Assume now that A1 and A2 are two homotopy classes of topological disks with
corners at (p0, q0), . . . , (pd, qd) and (p˜0, q˜0), . . . , (p˜m, q˜m) respectively. We define
M∗(A1, A2, (p0, q0), . . . , (pd, qd), (p˜0, q˜0), . . . , (p˜m, q˜m), J)
to be the set of pairs of simple disks (u1, u2) such that u1(D) 6⊂ u2(D) and u2(D) 6⊂
u1(D). There is a second category subset Jreg(M,ω) such that for J ∈ Jreg(M,ω)
the spaceM∗(A1, A2, (p0, q0), . . . (p˜m, q˜m), J) is a smooth manifold of dimension 2n+
µA1 + µA2 −
∑
i Ind(pi, qi)−
∑
i Ind(p˜i, q˜i).
Now for k > 0 consider the moduli space of (parameterized) pairs of disks with
marked points at the boundary
M∗k(A1, A2, (p0, q0), . . . (p˜m, q˜m), J) :=M∗(A1, A2, (p0, q0), . . . (p˜m, q˜m), J)× (∂D)2k.
There is a smooth evaluation map
evk :
M∗k(A1, A2, (p0, q0), . . . (p˜m, q˜m), J) → L2k
(u1, u2, z1, . . . zk, x1, . . . , xk) 7→ (u1(z1), u2(x1), . . . , u1(zk), u2(zk)) .
Denote by ∆ = {(x, x)|x ∈ L} ⊂ L × L the diagonal. There is a second category
subset Jreg(M,ω) such that for every J ∈ Jreg(M,ω) and k > 1, the evaluation map
evk is transversal to the product ∆k. Hence, if not empty, the set ev−1k (∆
k) has
the structure of a smooth manifold of dimension 2n + µA1 + µA2 −
∑
Ind(pi, qi) −∑
Ind(p˜i, q˜i) + (2− n)k.
Assume that n > 3, then for k large enough, we have 2n+µA1+µA2−
∑
Ind(pi, qi)−∑
Ind(p˜i, q˜i) + (2− n)k 6 0, so ev−1k (∆k) is empty. We conclude that the following
proposition holds.
Proposition 23. There is a second category subset Jreg(M,L, ω) ⊂ J (M,ω) and a
number k0 such that if J ∈ Jreg(M,L, ω), u1 ∈ M∗(A1, (p0, q0), . . . , (pd, qd), J) and
u2 ∈ M∗(A2, (p˜0, q˜0), . . . , (p˜m, q˜m), J) satisfy u1(D) 6⊂ u2(D) and u2(D) 6⊂ u1(D),
then the number of z1, z2 ∈ ∂D such that u1(z1) = u2(z2) is finite.
The same argument for self intersections yields
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Proposition 24. There is a second category subset Jreg(M,L, ω) ⊂ J (M,ω) such
that if u ∈M∗(A, (p0, q0), . . . , (pd, qd), J), then the number of pairs (z1, z2) ∈ ∂D×∂D
such that u(z1) = u(z2) is finite.
The rest of the proof follows from [Laz11, Theorem B].
3.1.3. Generically teardrops and strips are simple. A finite-energy J-holomorphic
disk with corners and boundary on L is a teardrop if it has a unique corner point.
An elementary argument gives the following consequence of Corollary 1.
Corollary 4. Assume n > 3. There is a second category subset Jreg(M,L, ω) ⊂
J (M,ω) such that the following holds. If J ∈ Jreg(M,L, ω), every finite-energy
J-holomorphic teardrop with boundary on L is simple.
Proof. We assume that Jreg(M,L, ω) is the second category subset given in Corollary
3 (such that all the J-holomorphic curves are either simple or multiply covered for
J ∈ Jreg(M,L, ω)).
Assume that u : (D, ∂D) → (M, i(L)) is a teardrop with finite energy. Denote by
z1 its corner point. There is a simple disk v as well as a branched cover p : (D, ∂D)→
(D, ∂D) which restricts to a cover on the boundary such that u = v ◦ p. Notice that
v has a corner point at p(z1). Now if the the degree of p is more than 2, we see that
u has corner points at p−1{z1}. This set is of cardinality greater or equal to 2, a
contradiction. 
Now, let i1 : L1 → M and i2 : L2 → M be two Lagrangian immersions. These
naturally give rise to a Lagrangian immersion i : L1unionsqL2 →M which we will assume
to be generic (transverse double points and no triple points).
Let J ∈ J (M,ω) be a compatible almost complex structure, x− and x+ be two
intersection points between L1 and L2. As usual, a J-holomorphic strip between L1
and L2 from x− to x+ is a J holomorphic map u : R× [0, 1]→M such that
(1) lims→+∞ u(s, t) = x−, lims→+∞ = x+,
(2) u(·, 0) (resp. u(·, 1) admits a continuous lift γ1 to L1 (resp. a continuous lift
γ2 to L2).
In particular, if we precompose a J-holomorphic strip u with a biholomorphism
ψ : D\{−1, 1} → R× [0, 1], the resulting map u◦ψ is a J-holomorphic disk with two
corner points. The boundary lifts are given by γ˜1 = γ1 ◦ ψ and γ˜2 = γ2 ◦ ψ. We now
have the following proposition about the structure of such strips.
Proposition 25. There is a second category subset J (M,L1, L2, ω) ⊂ J (M,ω) such
that the following holds. If J ∈ J (M,L1, L2, ω), every finite-energy J-holomorphic
strip is simple.
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Proof. There is a second category subset J (M,L1, L2, ω) such that for every J ∈
J (M,L1, L2, ω), every J-holomorphic disk with boundary on i : L1 unionsq L2 → M is
multiply covered. Let us fix one such J .
Assume that u : R× [0, 1]→M is a finite-energy J-holomorphic strip from x− to
x+ and ψ : D\{−1, 1} → R× [0, 1] a biholomorphism. Then u ◦ ψ is a finite-energy
J-holomorphic strip with two corner points at −1 and 1. It is therefore multiply
covered. There is v : D → M simple and p : D → D a covering such that u = v ◦ p.
Assume by contradiction that p has degree more than 2.
We claim that −1 /∈ p−1(p(1)). Indeed, for each z ∈ p−1(p(1)), any conformal
embedding h : (D+, ∂D+R) → (D, ∂D) such that h(0) = z satisifies u ◦ h(R+) ⊂ L2
and u ◦ h(R−) ⊂ L1. For instance, this can be seen using local charts. However,
a conformal local chart h : (D+,D+R) → (D, ∂D) such that h(0) = −1 satisfies u ◦
h(R−) ⊂ L2 and u ◦ h(R+) ⊂ L1. 
Now, we will need one last statement. For this, assume d > 2, and that L0, . . . , Ld
are d+ 1 embedded Lagrangian submanifolds in general position. For i ∈ {0, . . . , d},
fix xi ∈ Li∩Li+1. A J-holomorphic polygon with boundary condition L1, . . . , Ld is a
J-holomorphic map u : pi−1(r)→M with r ∈ Rd+1 such that lims→+∞ u◦εi(s, t) = xi
and the image by u of the arc between the i and i+ 1 end is included in Li.
Proposition 26. There is a second category subset J (M,L0, . . . , Ld, ω) ⊂ J (M,ω)
satisfying the following property. If J ∈ J (M,L0, . . . , Ld, ω), every J-holomorphic
polygon of finite energy with boundary condition L0, . . . , Ld is simple.
Proof. As before, call i :
⊔
Li → M the natural Lagrangian immersion. There is a
second category subset J (M,L0, . . . , Ld, ω) ⊂ J (M,ω) such that any finite-energy
J-holomorphic disk with boundary on i is multiply covered. Fix an almost complex
structure J ∈ J (M,L0, . . . , Ld, ω).
Now let u be a J-holomorphic polygon of finite energy and fix a biholomorphism
ψ : D→ pi−1(r). Call y0, . . . , yd the preimages of the marked points of pi−1(r) by ψ.
Then u ◦ ψ is a finite-energy disk with boundary on i, hence is multiply covered. So
there is v : (D, ∂D) → (M, i(L)) simple and p : (D, ∂D) → (D, ∂D) a covering such
that u ◦ ψ = v ◦ p.
As before, we see that for i 6= j, yi /∈ p−1(p(yj)) since the image of any neighbor-
hood of z ∈ p−1(p(yj)) in ∂D by u intersects both Lj and Lj+1. Hence, the cover p
is of degree 1. 
Remark 4. One should be aware that the set J (M,L1, . . . , Ld, ω) depends on the
submanifolds L0, . . . , Ld. In particular, the author does not know if generically any
J-holomorphic polygon (without restriction on the boundaries) is simple.
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3.2. Time-independent Floer homology. As an easy application of the Main the-
orem, we show that Floer homology can be defined with time-independent complex
structures. This is (as far as the author knows) new.
To do this, let us now assume that (M,ω) is closed and monotone. Let [ω] :
H2(M)→ R be the morphism induced by symplectic area. There is λ > 0 such that
[ω] = λc1(TM).
Let L1 and L2 be two embedded compact Lagrangian submanifolds and denote
by N1 > 1 and N2 > 1 their minimal Maslov number. We assume that Np > 3 for
p ∈ {1, 2}.
For x and y two distinct intersection points in L1 ∩ L2, and A a homotopy class
of finite-energy strips from x to y, we denote
• by M˜(x, y, L1, L2, A, J) the set of J-holomorphic strips from x to y in the
homotopy class A,
• byM(x, y, L1, L2, A, J) its quotient by the natural R-action,
• by M˜∗(x, y, A, L1, L2, J) ⊂ M˜(x, y, A, L1, L2, J) the set of simple J-holomorphic
strips,
• byM∗(x, y, A, L1, L2, J) its quotient by the R-action.
From Proposition 25 and the standard transversality arguments (cf [FHS95]), we
immediately deduce the following.
Proposition 27. There is a second category subset Jreg(M,L1, L2, ω) ⊂ J (M,ω)
such that
(1) If J ∈ Jreg(M,L1, L2, ω), for each homotopy class A, all J-holomorphic strips
are simple :
∀x, y ∈ L1 ∩ L2,M∗(x, y, L1, L2, A, J) =M(x, y, L1, L2, A, J).
(2) If J ∈ Jreg(M,L1, L2, ω), then M(x, y, L1, L2, A, J) is a finite dimensional
manifold for all x, y ∈ L1 ∩ L2.
Now for such a generic J and k ∈ N, denote by M(x, y, L1, L2, A, J)k the k di-
mensional component ofM(x, y, L1, L2, A, J).
By a standard Gromov compactness argument, the setM0(x, y, A, J) is compact.
Furthermore, there is a 1-dimensional manifold with boundaryM1(x, y, A, J) whose
interior is identified withM1(x, y, A, J) and whose boundary is identified with⊔
z∈L1∩L2
M0(x, z, A, J)×M0(z, y, A, J).
Consider the Novikov ring of formal power series with coefficients in Z2 :
ΛZ2 =
{ ∑
λi→+∞,λi>0
aiT
λi |ai ∈ Z2
}
.
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As usual we define the Floer complex between L1 and L2 to be the ΛZ2-module
generated by the intersection points
CF (L1, L2, J) =
⊕
x∈L1∩L2
Z2 · x.
The differential on this complex is given by a count of rigid J-holomorphic strips
modulo 2
d :
CF (L1, L2, J) → CF (L1, L2, J)
y 7→ ∑y∈L1∩L2 #Z2M0(x, y, A, J)T ω(A)y.
It is immediate to see from the usual Gromov compactness argument that d2 = 0,
so (CF (L1, L2), d) is a well-defined differential complex.
Since any generic almost complex structure is, in particular, a generic time-dependent
almost complex structure, the homology of this complex computes the usual La-
grangian intersection Floer homology. Hence we can conclude that the following
theorem is true.
Theorem 4. There is a second category subset Jreg(M,ω,L1, L2) ⊂ J (M,ω) such
that the Floer complex
(CF (L1, L2, J), d)
is well-defined (as a differential complex). Moreover, its homology computes the usual
Lagrangian intersection Floer homology.
3.3. Work in progress.
3.3.1. Framework. In this section, we will describe some expected applications of the
main theorems to the study of the surgery of two immersed Lagrangian submanifolds.
Let us consider a compact exact symplectic manifold (M,ω) with Liouville form
λ, convex boundary and complex dimension n > 3. We denote by M̂ its completion.
Gradings: Assume that the first Chern class of (M,ω) satisfies 2c1(TM) = 0 in
H2(M,Z). This implies that the complex line bundle ΛnT ∗M ⊗ ΛnT ∗M is trivial.
Hence, it admits a non-vanishing section Ω.
For each Lagrangian subspace L ∈ G(TxM), choose a real basis v1, . . . , vn of L and
define
det2Ω(L) =
Ω(v1, . . . , vn)
|Ω(v1, . . . , vn)| .
One can check that this does not depend on the choice of v1, . . . , vn and therefore
defines a smooth function det2Ω : G(TM)→ R.
An exact graded Lagrangian immersion is a tuple (L, i, fL, θL) with
• L a compact manifold,
• i : L#M a generic Lagrangian immersion,
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• fL : L→ R a smooth function such that i∗θ = dfL,
• θL : L→ R a smooth function such that
e2ipiθL = det2Ω ◦ι
where ι : L→ G(TM) is the map x 7→ Im(dix).
Now assume that L1 and L2 are two transverse exact graded immersions which
intersect transversally. Let x be an intersection point of these. Fix an adapted
almost complex structure J and denote by α1, . . . , αn the Kähler angles of the pair
(TxL1, TxL2). The index of x as an element of CF (L1, L2) is the number
|x| = n+ θL2(x)− θL1(x)−
α1 + . . .+ αn
pi
.
Similarly, we can define the index of a self intersection point (p, q) ∈ R of Li for
i = 1, 2 :
|(p, q)| = n+ θL2(q)− θL1(p)−
α1 + . . .+ αn
pi
,
where α1, . . . , αn are the Kähler angles of the pair (dip(TpL), diq(TqL)) with respect
to J .
The reader may wonder if this is the same as the index defined in the subsection
3.1.1. There is a choice of path λ(p,q) such that Ind(p, q) = |(p, q)| : it is explained in
[Sei08, (11g)].
Lagrangian surgery: Following the presentation of Biran and Cornea ([BC13, 6.1]),
we will describe the surgery of L1 and L2 at an intersection point.
First, for each intersection point y between L1 and L2, fix a Darboux chart φy :
B(0, ry)→ (M,ω) such that φy(0) = y, φy(Rn) ⊂ L1, φy(iRn) ⊂ L2 and whose image
does not contain any other intersection point.
Now consider a smooth path γ(t) := (a(t), b(t)) ∈ C, with t ∈ R, such that
γ(t) = (t, 0) for t < −1, γ(t) = (0, t) for t > 1 and a′(t), b′(t) > 0 for t ∈ (−1, 1). For
ε > 0, the set
Hε :=
{
(x1γ(t), . . . , xnγ(t))|t ∈ R, (x1, . . . , xn) ∈ Sn−1
}
is a smooth Lagrangian submanifold of Cn.
Now let x ∈ L1 ∩ L2 be an intersection point. For ε > 0 small enough, there is
a generic immersion L1#x,εL2 obtained by removing φx(Rn ∪ iRn) and replacing it
by φx(Hε). This has domain the connected sum of L1 and L2 and turns out to be
exact. Moreover, if |x| = 1, the gradings of L1 and L2 canonically induce a grading θ
on L1#x,εL2 which agrees with θL1 and θL2 on L1 unionsq L2\φx(B(0, rx)) (this is a result
of Seidel [Sei00, Lemma 2.13]).
From now on, we will consider the case where L1 and L2 are actually embedded
and we will fix an intersection point x ∈ L1 ∪ L2 of degree 1.
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Lastly, we will somewhat restrict the space of almost complex structures we con-
sider. We denote by Jφ(M,ω) the set of adapted almost complex structures which
agree with (φy)∗Jstd on φy(B(0, ry)) for each intersection point y.
The proof of 1 shows that there is a second category subset Jφ,reg(M,ω) ⊂
Jφ(M,ω) such that
(1) any non-constant J-holomorphic disk with corners and boundary on the im-
mersion L1 unionsq L2 #M is either simple or multiply covered,
(2) any simple J-holomorphic disk with corners and boundary on the immersion
L1 unionsq L2 # M is regular (meaning that the linearization of the Cauchy-
Riemann operator is surjective).
3.3.2. Surgery and count of holomorphic disks. We expect that we can apply our
work to prove the following theorem.
Theorem 5 (?). 5 Let (εν)ν∈N be a sequence of positive real numbers such that
εν → 0. There is a second category subset Jφ,reg,2(M,ω) ⊂ Jφ,reg(M,ω) and ν0 ∈ N
such that the following holds.
For any ν > ν0, J ∈ Jφ,reg,2(M,ω) and y ∈ L1∩L2 with |y| = 2, there is a bijection
M(y, J, L1#x,ενL2)→M(y, x, J, L1, L2) between the set of J-holomorphic teardrops
with boundary on L1#x,ενL2 and the set of strips between L1 and L2 from y to x.
Below, we list the main steps expected to lead to this result.
3.3.3. Surgery and holomorphic disks. The proof of theorem 5 relies on three results.
The first is a result about the multiplicity 6 of an isolated generic J-holomorphic
strip at its corners.
Proposition 28. There is a second category subset Jφ,reg,3(M,L1, L2, ω) ⊂ Jφ,reg(M,ω)
such that if J ∈ Jφ,reg,3(M,L1, L2, ω), then every J-holomorphic strip of Fredholm
index 1 has multiplicity 1 at his corners.
Sketch of the proof. Fix x and y such that |x| − |y| = 1. Consider the universal
moduli spaceM∗ (L1, L2, x, y,J l) of pairs (u, J) with
• J a Cl almost complex structure in Jφ(M,ω),
• u a J-holomorphic strip between L1 and L2 from x to y.
The usual arguments (as in [MS12, Chapter 3]) show that M∗ (L1, L2, x, y,J l)
admits the structure of a smooth separable Banach manifold.
5We use the symbol ? to indicate the results that are work in progress.
6See Remark 3 for the definition of multiplicity.
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Assume that (u, J) ∈M∗ (L1, L2, x, y,J l), then (see Proposition 4)7 the limits
evx,jet(u, J) := lim
s→−∞
e−
pi
2
su(s, t),
and
evy,jet(u, J) := lim
s→+∞
e+
pi
2
su(s, t)
exist. This defines two smooth maps evx,jet :M∗ (x, y, L1, L2,J ) → Rn and evy,jet :
M∗ (x, y, L1, L2,J ) → Rn. Notice that ev−1x,jet(0) (resp. ev−1y,jet(0) ) is the set of
J-holomorphic strip with multiplicity greater than 1 at x (resp. y).
A variation of the arguments of [MS12, 3.4] show that these are submersions.
Hence the sets ev−1x,jet(0) and ev
−1
y,jet(0) are smooth submanifolds of codimension n.
Now, one can see from the Sard-Smale theorem and an argument due to Taubes
(see [MS12, 3.2] or [FHS95, Section 5]) that there is a generic subset J˜ ⊂ J , φ(M,ω)
satisfying the following. For each J ∈ J˜ , ev−1x,jet(0)∩M∗(x, y, L1, L2, J) is a subman-
ifold of codimension n inM∗(x, y, L1, L2, J) which has dimension 1. It is therefore
empty (since n > 3).
The conclusion follows since any J-holomorphic strip is simple (cf Corollary 4). 
In complex dimension greater than 3, the same conclusion holds for teardrops.
Proposition 29. There is a second category subset Jφ,reg,4(M,L1, L2, ω) such that
if J ∈ Jφ,reg,4(M,L1, L2, ω), then every J-holomorphic teardrop of Fredholm index 2
and boundary on L1#x,ενL2 for ν > 0 has multiplicity 1 at its corner.
Proof. Fix ν ∈ N, as in the proof of Proposition 28, there is a second category subset
J νφ,reg(M,ω) such that every J-holomorphic teardrop with boundary on L1#x,ενL2
has multiplicity 1 at its corner.
Now the countable intersection
Jφ,reg,3(M,L1, L2, ω) :=
⋂
ν>0
J νφ,reg(M,ω)
is of second category and satisfies the conclusion of the theorem. 
Consider an α > 0, a complex structure J ∈ Jφ,reg,3(M,L1, L2, ω)∩Jφ,reg,4(M,L1, L2, ω)
and an intersection point y ∈ L1 ∩ L2 with |y| = 2. Let M(y, L1#εν ,xL2, J, α) ⊂
M(y, L1#εν ,xL2, J) be the set of elements of M(y, L1#εν ,xL2, J) represented by a
u ∈ M˜(y, L1#εν ,xL2, J) such that there is a strip w ∈ M˜(y, x, L1, L2, J) with
sup
z
dJ(u(z), w(z)) < α.
Here, dJ is the distance induced by the metric gJ .
7However, in this setting there is no real necessity to use [RS01]. Since the curves are holomorphic
near the double points, we can use the Schwarz reflection principle twice.
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By the propositions above, there is a second category subset Jreg,5(M,ω,L1, L2)
such that for J ∈ Jreg,5(M,ω,L1, L2)
• Every J-holomorphic strip inM(y, x, L1, L2, J) for y ∈ L1 ∩ L2 with |y| = 2
is regular, simple and has corners of multiplicity 1,
• every J-holomorphic teardrop in M(y, L1#ε,νL2, J) for ν > 0 is regular,
simple and has a corner of multiplicity 1.
Since the Lagrangians L1 and L2 are exact, Gromov compactness for J-holomorphic
strips and regularity imply that the spaceM(y, x, L1, L2, J) is compact.
Therefore, we can apply a result stated in [FOOO06, Theorem 5.11] to obtain the
following corollary.
Corollary 5 (?). There is a second category subset Jφ,reg,5(M,L1, L2, ω) such that
the following holds.
For every J ∈ Jφ,reg,5(M,ω,L1, L2), there exist α > 0, ν0 > 0 such that for ν > ν0
there is a bijection
M(y, L1#εν ,xL2, J, α)→M(y, x, L1, L2, J).
3.3.4. Gromov compactness. Last we need a version of Gromov compactness for J-
holomorphic curves as the surgery parameter εν goes to 0. We emphasize that it is
not (to our knowledge) proved in the literature and that it is the subject of future
work.
A d-leafed tree is a planar tree T ⊂ R2 with a choice of vertex α called the root,
oriented so that the root has no incoming edge and with d leaves (beware that it
is not the definition of [Sei08, (9d)] ). For each vertex v of T , we denote by |v| its
valency.
Definition 7. A labeled domain consists of
(i) a d-leafed tree T ,
(ii) for each vertex v, an element rv ∈ R|v|,
(iii) for each vertex v, kv ∈ N cyclically ordered marked points at the boundary
that we will denote by z1, . . . , zkv ,
(iv) for each connected component C of ∂rv\{z1, . . . , zkv}, an element LC ∈ {L1, L2},
which satisfy the following conditions.
(1) If C1 and C2 are two adjacent connected components, then the labels LC1 and
LC2 should be different,
(2) for every leaf v, kv > 1.
Remark 5. For each vertex v one can number the outgoing edges as counterclockwise
(remember that T is embedded in R2). The number of an edge e going from v1 to v2
will be denoted ne.
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Figure 2. A labeled domain and its underlying tree
Red corresponds to a label L1 and blue to L2
The dots are mapped to x
This leads us to the definition of the limit curves when the handle parameter goes
to 0.
Definition 8. A broken strip from y to x modeled on the labeled domain T consists
of
(i) for each vertex v, |v|+ 1 intersection points yv0 , . . . , yv|v| ∈ L1 ∩L2 such that if
e is an edge from v1 to v2 then yv1ne = y
v2
0 ,
(ii) for each vertex v a J-holomorphic curve with corners uv : (rv, ∂rv)→ (M,L1unionsq
L2),
such that
(1) for each vertex v and connected component C of ∂rv\{z1, . . . , zkv}, we have
uv(C) ⊂ LC,
(2) for each vertex v and i ∈ {1, . . . , kv}, we have v(zi) = x,
(3) for the root vertex α, uα converges to y on the 0-th strip-like end of rα,
(4) for each vertex v, the curve u converges to yvi on the i-th strip-like end of rv.
We expect that the following proposition is an adaptation of the neck-stretching
procedure (as it appears in [BEH+03] and [CM05]) for curves with boundary on a
Lagrangian manifold.
Proposition 30 (?). Fix an almost complex compatible structure J ∈ Jφ(M,ω).
Assume that (uν)ν∈N is a sequence of J-holomorphic teardrops such that
uν ∈M(y, L1#x,ενL2, J),∀ν > 0.
There is a subsequence (uνk)k>0 which Gromov converges to a broken strip from y to
x.
3.3.5. Proof of Theorem 5 (?). We now prove Theorem 5 assuming that Proposition
30 is true. For this fix J ∈ Jφ,reg,5(M,ω).
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Given the conclusion of Corollary 5, it only remains to check that there is ν0 such
that for all ν > ν0, any teardrop v ∈ M˜(y, J, L1#x,ενL2) is α close to a J-holomorphic
strip v ∈ M˜(y, x, J, L1, L2).
Assume by contradiction that there is a strictly increasing sequence (νk), and a
sequence of teardrops uνk ∈ M˜(y, J, L1#x,ενkL2) such that
∀v ∈ M˜(y, x, J, L1, L2), sup
z∈D
dJ(u(z), v(z)) > α.
By Proposition 30, there is a subsequence of (uνk) which converges in the sense of
Gromov to a broken strip w.
To conclude, it remains to see that v is an actual teardrop. This is immediate
from the two lemmas below.
Lemma 6. Assume w = (uv)v∈T is a broken strip with underlying tree T such that
all uv are simple. Then the tree T consists of one vertex and w is a strip from y to
x.
Proof. This is a simple combinatorial argument which uses regularity and simplicity
of the underlying holomorphic curves.
First, notice that the index of x as an element of CF (L2, L1) is n − 1 which is
greater than 1 since n > 3.
For v ∈ T different from the root, call yv the incoming limit point and x1, . . . xp the
outgoing limit points. Moreover, assume that there are k1,v marked points mapping
to x going from L1 to L2 and k2,v marked points mapping to x going from L2 to L1.
Since the curve uv is regular, we have
|yv| −
p∑
i=1
|xi| − k1,v − k2,v(n− 1) + k1,v + k2,v + |v| − 3 > 0,
so
|yv| −
p∑
i=1
|xi|+ |v| − 3 > 0.
Similarly, if v is the root, we get
|y| −
p∑
i=1
|xi| − k1,v − k2,v(n− 1) + k1,v + k2,v + |v|+ 1− 3 > 0,
so
|y| −
p∑
i=1
|xi|+ |v| − 2 > 0.
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Adding these equalities for v ∈ T , we obtain
|y|+
∑
v∈T
|v| − 3V (T ) + 1 > 0,
where V (T ) is the number of vertices of T . Now notice that
∑
v∈T |v| is twice the
number of edges of T and therefore equal to 2V (T )− 2. So
2 = |y| > 1 + V (T ).
Hence V (T ) = 1. Therefore we have a single curve w with one corner at y and the
others at x.
Now since y is an incoming point from L1 to L2, there are 2k − 1 other corners
mapping to x (with k an integer greater than 1). Among them, k are outgoing points
from L1 to L2 and k − 1 are outgoing points from L2 to L1. Since w is regular, we
get
|y| − k − (n− 1)(k − 1) + 2k − 3 > 0,
so
|y| − (n− 2)k + n− 4 > 0,
hence (since |y| = 2)
n− 2 > (n− 2)k.
Since n− 2 > 1, we readily conclude that 1 > k hence k = 1. 
Lemma 7. Assume w = (uv)v∈T is a broken strip with underlying tree T . There
is a tree T1 and a broken strip w1 = (uv,1)v∈T with underlying tree T1 such that the
following assertions hold.
(1) For each v ∈ T1, the curve uv,1 is simple.
(2) There is an injective tree morphism f : T1 → T mapping the root of T1 to the
root of T satisfying the following. If v ∈ T1, the underlying simple curve of
uf(v) is uv,1.
(3) If V (T ) > 2, then V (T1) > 2.
Proof. The simple curve is built by an induction process.
Start with the root v0. The curve uv0 is multiply covered by the choice of almost
complex structure J . Let uv0,1 be the underlying simple curve : there is a branched
cover pi such that uv0 = uv0,1 ◦ pi. We associate the curve uv0,1 to the root of T1.
The domain of uv0,1 has one incoming strip-like end (the image of the incoming
strip-like end of rv0 by pi) and mv ∈ N outgoing strip-like ends. Call ζ1, . . . , ζmv their
asymptotic points. For each ζi we put an outgoing edge eζi . Call vζi the outgoing
end of eζi .
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For each i ∈ {1, . . . ,mv}, choose a point ζ˜i ∈ rv0 such that pi(ζ˜i) = ζi. Each
ζ˜i is the limit of an outgoing strip-like ends and corresponds to an edge in T with
endpoint vζ˜i . The curve uvζi is the simple curve underlying uvζ˜i .
If we repeat this process by induction, it is easy that the end-product is a broken
strip satisfying the hypotheses. 
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